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-TICAL MODEL FOR  !CWO-DIMENSIONAL, 

MUIITI-CCWONENT  AIRFOIIS IN VISCOUS FLOW 

W W. A. Stevens, S. H. Goradia and J. A. Braden 
Lockheed-Georgia  Company 

This  report  desoribes a computerized  method for defining  the  subsonio, 
visoid,  attaohed flow about  two-dimensional,  multi-oomponent  airfoils.  The 
methods  utilize  state-of-the-art  teohnology  to  evaluate  all  aspeots  of  the 
flow,  combining  boundsrg-layer  solutions  with  inviscid  pressure  distributions 
to obtain a oomplete  viscid  oharacterization  of  the  airfoil. The  data obtained 
defines  the  visoid  pressure  distribution on the  individual  elements  of  the 
multi-component  section,  the  total normal foroe, pitohingaoment and skin  fric- 
tion drag. The  solution has been programed for either  the  UNIVAC 1108 or 
CDC 6600 computer  facilities  with  required  inputs  of  freestream  conditions 
and airfoil  geometry only. Both viscid  and  inviscid  pressure  distributions, 
force  and.moment  data  as well  as  detailed  boundary-layer  characteristius  are 
provided a8 output. The computerized  model,  consisting  of  a  number  of  self- 
contained  subroutines can be used in the  elemental  modular fonn or in combina- 
tion  to analyze,  design or correlate  various  visoous flow phenomena  or  the 
performance  of  single- or multi-element  airfoils. 

The  overall  problem  solution,represented by the data  flow diagram  of Mg- 
w e  1, is  seen to be  composed  of  the  following  primarg  task areas, each  requir- 
ing  mathematical  definition in terms of  one  or  more  computer  subroutines 
along  with  the  necessary  interfacing  logic  suitable  to  digital  computations: 

O Potential  flow  solution 

O Ordinary  boundary  layer  solution 

Confluent boundaq layer  solution 

Slot-flow  analysis 

Combined  solution 

The  invisoid,  potential flow  solution makes use  of  the  distributed  vortex 
concept  with  the  vortex  singularity  comprising  the  fundamental  solution to the 
Laplace equation. The airfoil  surface  is  approximated as a olosed  polygon  with 
the  elements  represented  the  distributed  singularities.  Airfoils,  arbitrar- 
ily  arranged and composed of f r o m  one to four segments,are  defined in this 
m r .  A typical  result  of  the  potential  flow  solution  is  compared  with  the 
olsasical,  exact  solution for a Joukowakiairfoil in Figure 2. 
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P e r m i s s i b l e   a i r f o i l   c o n t o u r s  are p r e s e n t l y   l i m i t e d   t o  smooth, .   regular 
shapes   w i th   sha rp  or pointed  t ra i l ing-edges.   There are indicat ions,   however ,  
t h a t   i r r e g u l a r   o r   s h a r p l y - c o r n e r e d   p r o f i l e s   o f t e n   e n c o u n t e r e d   i n   f l a p  o r  slat 
cove a r e a ,  can  be  reasonably well represented   by   modes t ,   loca l   re fa i r ings .  
Fo r   compute r   u t i l i za t ion ,   t he   mu l t i - componen t   f ea tu re s   o f   t he   a i r fo i l s   be ing  
represented  demands a h i g h l y   f l e x i b l e  system f o r   i n p u t   g e o m e t r i c   d e f i n i t i o n  
emphasizing re la t ive component o r i e n t a t i o n .  Such a system is described  which 
is l imited  only  by  the  computer  f ac i l i t i e s  ava i lab le   and   has   genera l   appl ica-  
t i o n   t o  a broad  range  of  multi-component  configurations. 

The ord inary   boundary   l ayer   so lu t ion  is comprised  of  mathematical  models 
r ep resen t ing   s t a t e -o f - the -a r t   t echno logy   fo r   l amina r ,   t r ans i t i on   and   t u rbu len t  
boundary  layers   in   subsonic   f low.  The laminar  boundary layer model r e p r e s e n t s  
the   bas ic   approach   of  Cohen and  Reshotko  modified as appropr ia te   to   computer  
u t i l i z a t i o n   t e c h n i q u e s   e v o l v e d   d u r i n g   t h e   s t u d y .  Laminar s tall  c r i t e r i a ,  
deve loped   dur ing   the   s tudy ,  are presented   and   d i scussed .   Pred ic t ions   o f   shor t  
o r   long   bubble   format ion   or   bubble   burs t  are shown t o   b e   i n   s a t i s f a c t o r y  agree- 
ment with tes t  r e s u l t s  on a i r f o i l s   e x h i b i t i n g   l e a d i n g - e d g e  o r  laminar stall.  
A t y p i c a l  case is  p rov ided   i n   F igu re  3. The t r a n s i t i o n  model,  evolving  from 
t h e   i n s t a b i l i t y  c r i t e r i a  o f   S c h l i c t i n g  and U l r i c h t ,   e s t a b l i s h e s   l i m i t i n g  con- 
d i t i o n s   f o r   a c c u r a t e l y   d e f i n i n g   t h e   p o s i t i o n  of t r a n s i t i o n  on t h e   a i r f o i l .  
A s  presen t ly   fo rmula t ed ,   t he   p rog ram  u t i l i ze s  two separate  mathematical   models 
for   o rd inary   tu rbulen t   boundary  layer development. The first is an approximate 
model ,   developed  by  Goradia   a long  the  l ines   of   the   Trukenbrodt   boundary-layer  
equations,   which i s  u t i l i z e d   i n   t h e   i n i t i a l   i t e r a t i v e   c a l c u l a t i o n s .  The 
second  and more a c c u r a t e  model, r e f l e c t i n g  the methods  of  Nash,  portrays  the 
c h a r a c t e r   o f   t h e   b o u n d a r y   l a y e r   i n   t h e   f i n a l ,   v i s c i d   s o l u t i o n .   E a c h   o f   t h e  
boundary layer subrout ines  are v a l i d a t e d  as separate   programs  through 
c o r r e l a t i o n s   w i t h   e x p e r i m e n t a l   d a t a   f o r  a wide v a r i e t y  of t e s t  condi t ions  and 
conf igura t ions  . 

A s i g n i f i c a n t   f e a t u r e  of the   boundary- layer   representa t ion  is  the   i nco r -  
poration  of a confluent  boundary-layer model r e f l e c t i n g   t h e  merging of   the  
upper surface boundary  layer   with  the s l o t  efflux.  This  model,   developed 
from  the  experimental   and  analyt ical  work of   Goradia ,   accounts   for   the   h ighly  
complex v iscous  phenomena a s s o c i a t e d   w i t h   s l o t t e d   a i r f o i l s .  It is  shown t h a t  
the   conf luent   boundary   l ayer  creates an   unusua l ly   h igh   ra te   o f   boundary   l ayer  
growth  downstream  of t h e   s l o t   r e s u l t i n g   i n  a greater  "uncambering effect" than 
would be  found in   the   case   o f   o rd inary   boundary   l ayers .   Assoc ia ted   wi th   the  
confluent  boundary layer, a s lo t - f low  mode l ,   ava i l ab le   i n   e i t he r   i so l a t ed   sub -  
rou t ine   o r   i n t eg ra l   p rog ram  fo rm,  is d e f i n e d   w i t h   p r a c t i c a l   l i m i t a t i o n s  on 
u t i l i z a t i o n   d i s c u s s e d .  

The combined v i s c o u s   s o l u t i o n   u t i l i z e s   a n   i t e r a t i v e   t e c h n i q u e   t o  combine 
the   i nv i sc id   so lu t ion   w i th   t he   boundary  layer c a l c u l a t i o n s .  The geometry  of 
an   !*equiva len t   a i r fo i l " ,   re f lec t ing   loca l   boundary   l ayer   d i sp lacement   th ick-  
nesses ,  is success ive ly   de f ined   ove r  a v a r i a b l e  number of i t e r a t i o n s   u n t i l  a 
s t a b i l i z e d   p r o f i l e  and  boundary-layer  condition is obtained.  Comprehensive 
comparisons  of  the  combined,  viscid  solution are provided  with  appropriate  
expe r imen ta l   da t a   u t i l i z ing   bo th   s ing le -   and   mu l t i - e l emen t   a i r fo i l s .  Data are 
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c o r r e l a t e d   i n  terms of   p re s su re   d i s t r ibu t ions ,   fo rce  and moment d a t a  and 
boundary- layer   charac te r i s t ics .  As shown i n   F i g u r e  4,  good agreement  with 
exper imenta l   resu l t s   a re   ind ica ted   th roughout .  

The r e s u l t s   o f   t h e   s t u d y   i n d i c a t e   t h a t   t h e   m u l t i p l e - a i r f o i l  program can 
p r o v i d e   v a l u a b l e   i n s i g h t   i n t o  a l l  mea9 of   mul t i -e lement   a i r fo i l   des ign .  A 
n a t u r a l  framework is p r o v i d e d   i n   w h i c h   t h e   e x i s t i n g   c a p a b i l i t i e s  can r e a d i l y  
be   ex tended   in to   the   t ransonic  or separated  f low  problem  areas .   Specif ic  areas 
where  such  extensions  and  modifications  are  within  the  reach  of  present  tech- 
nology are noted. 
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FIGURE 2 
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. I  

I - INTRODUCTION 
Until  recently,  the  design and analysis  of  high-lift  systems  for  aircraft 

remained an outstanding  example  of a "cut and try", empirically-oriented  pro- 
cess  yielding  very  reluctantly  to a direct  analytical  attack.  Design  methods 
have  been  based  almost  entirely on correlation  of  experimental  data  which  are 
often  questionable, or on  the  expensive,  time-consuming  route  of  wind-tunnel 
optimizations.  Thus,  the  presentdqr  designer  is  beset by high  expense on one 
side and hi&  risk on the  other. 

Present  trends  toward  higher  cruise  speeds  and  improved  airport  perfor- 
mance  often  produce  conflicting  cruise  and  airport  requirements  which  must  be 
addressed at the  onset  of  design  activities.  Such  situations  are  usually  re- 
solved  through  the  incorporation of a highly  complex  high-lift  system. It is 
a fundamental  requirement  to  three-dimensional  high-lift  optimimtion, that 
the  viscous  two-dimensional  case  be  amenable  to a direct  aerodynamic  solution; 
thus,  the  detailed  guidance and fundamental  understandiw  is  obtained  to 
howledgeably  approach  the  finite  wing  problem. It is  to  this  latter  aspect 
of  high-lift  design  that  the  work  described  herein  is  directed. 

Background. - The  aerodynamic  foroes  acting  on a two-dimensional  airfoil 
are  composed  of  pressure  forces n o d  to the  surface  and  viscous  shear  forces 
acting  in a tangential  direction.  Lift and pitching-moment  characteristics 
are,  to  the  first  approximation,  functions  of  the  pressure  forces  with drag 
primazily a function  of  the  viscous  forces.  While  the  shear  forces  are  inter- 
related  with  the  pressure  forces  through  the  boundary-layer  characteristics, 
it  has  been  assumed  in  the  past,  that  these  two  facets  of  the  flow  field  can 
be  considered  independently.  Therefore,  airfoil  design has relied  mainly on 
potential  (inviscid)  theory  with  boundary-layer  effects  approximated  from  the 
theoretical  pressures.  Hence,  the  interrelationship  between  the  two has been 
generally  ignored. 

No general,  mathematically-closed  solution  presently  exists describiG 
the  viscid  flow-field  of an airfoil.  Potential  flow  solutions  have  long  been 
available  to  various  degrees of sophistication.  Additionally,  recent  advances 
in  boundaxy  layer  theory  through  the  work  of  Nash,  Bradshaw,  Goradia  and 
others,  has  provided  reasonably  accurate  models  of  characteristic  behavior. 
State-of-the-art  improvements  in  these  two  areas  plus  the  advent of high- 
speed,  high-capacity  computers has provided  the  necessary  tools  for  combining 
in a pwtical manner,  the  potential-flow  solution  with  boundary-layer  theory. 
Use of  methods  such as the  relaxation  or  iterative  schemes  have  been shown 
(Reference 1-1) to  provide  significant  improvements  in  prediction  accuracies. 

The  practicality  of  the  iterative  method  for  obtaining  combined  potential 
flow and viscoua  solutions has been  demonstrated  at  Lockheed-Georgia  through 
efforts  to  improve  high-speed  airfoil  technology.  While  outstanding  high  sub- 
sonic  cruise  performance  was  the  principal  objective,  the  techniques  developed 
in  this  highly  successful  effort  a.re  directly  applicable to the  single-piece 
airfoil  at  low-speeds. A significant  portion  of  this  development  work  was 
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oarried  out d e r  contra& to  the A q y  Researoh  Organization (Refereme 1-1) 
in 1965. An example  of the  capability  developed in this effort is shown in 
Figure 1-1. While not  speoifioally  high-lift  oriented,  it  did  the funda- 
mental ground work, together  with  the  related erperieme level,  necessary to 
the  further  extension  of  the  program  to  the  viscoue  multi-component  airfoil 
oase. 

In  April 1969, in  response  to  a  Lockheed-Georgia  Company  proposal,  the 
National  Aeronautics  and  Space  Administration  (Langley  Field,  Virginia), 
contracted  with  Lockheed  to  provide  a  computer  program  capable  of  predicting 
the  viscous  aerodynamic  characteristics  of  multi-component  airfoils.  In 
accordance  with  the  terms of this  contract,  the  present  document  is  sub- 
mitted as the  Final  Technical  Report. 

Objeotives. - The  basio  objective  of  the  technical  effort and the  resul- 
ting  oomputer p r o m  88 described  herein  was  to  derive a computerized  calou- 
lation  procedure wherew surface  pressures  would  be  predicted for viscous, 
subsonic  flows, on airfoils  composed  of  from  one  to  four  elements. The soope 
of  the  prediction  capability  is  limited  to  low  subsonic (M& 0.20) oases and 
to  those  geometries  and  flow  conditions  characterizing  attached  flows.  Addi- 
tionally, fome and  moment  predictions  would  include noma1 force,  lift a d  
moment  coefficients as well  as a skin  friction  drag coefficient. An evalua- 
tion  of  total  profile  drag  is  not  presently  within  the  scope  of  the  technioal 
effort. 

The  boundary-leyer  models  utilized for  the program encompase  the  repre- 
sentation  of n o d  laminar,  transition and turbulent  flow  characteristics 
baaed  upon  flat-plate  oalculation  procedures.  Thus,  roughness and local 
curvature  effects  are  not  represented at the  present  time. 

Included in  the  overall  program  objectives  is  the  requirement  that  the 
capabilities  of  the  final  computer  program be demonstrated  through  correla- 
tions  of  pertinent  aerodynamic  parameters  with  available  experimental  results. 
The  present  report  includes such correlations  with  the  experimental  data 
selected  through  mutual  agreement  with  the  appropriate NASA personnel. The 
selection  process  considered  data  reliability  as  well as the  scope  of the 
experimental  results  in  providing  detailed  boundsrg-layer  measurements  suit- 
able  for  correlation.  Obviously, data availability  in  such  detail  decreases 
rapidly as the  number  of  airfoil  elements  increase. In some cases,  it has 
been  necessary  to  select  airfoils  where  the  geometries  do  not  completely  satis- 
Q the  smooth-contouring  requirements  of  the  program. In such cases,  however, 
insight is  gained as to  the  effects  of  minor,  local  refairing for computer 
input . 

It is  believed  that  the  computer  program  in  its  present  fonn  constitutes 
a critical  first  step  to  the  ultimate  objective  of  refined  high-lift  design. 
The  possibilities  for  further  extending  these  capabilities  along a number of 
avenues  become  readily  apparent.  Section XI of  this  report  considers some of 
those  more  significant  extensions  which  can ke readily  made. 
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I1 - PROGRAM FCRMULATIOR 

The overall  problem  of  defining  the  viscous  aeroaynamic  characteristics 
of two-dimemional airfoils  is  readily  sutdivided  into the following  broad 
topical  area6  each  requiring  precise  definition  and  mathematical  formulations 
for the  computer system: 

O Geometry  definition 

O Potential  (inviscid)  solution 

O Boundsry-layer  characteristios 

O Slot-flow  characteristics 

O Combined  (viscid)  solution 

Figure 11-1 shows  schematically  the  calculation  sequence by which  the 
final,  combined  solution  is  obtained  in the present  computer  program.  Also 
shown on the  figure  is  the  breakdown by section in the  present  report  wherein 
the  detailed  technical  discussions  aze  presented  as  appropriate to the  partic- 
ular  subject  noted. In view  of  the  broad  range  of  technical  subjects  covered 
in  the  detailed  discussions,  reference souroes and symbol  notations  peculiar 
to each  topic  are  provided in the  individual  sections. It should  be  noted 
that  each  of  these  sections  comprise  sepsrste  subroutines in the  computer  pro- gram. These  subroutines  are  each  complex  analytical  models and if  used  sepa- 
rately  can  be  valuable  analysis  tools.  While  the  computer  program  is  not 
f o d a t e d  to  permit  this  separate  usage  direotly, users should  consider  such 
modifications  to permit maximum utilization  of  the  oomplete  capabilities  of 
the  work  described  in  this  report. 

The physical  or  geometric  modeling  of  the  complete  airfoil,  including 
slats,  slots,  vanes and flaps  obviously  requires  a  highly  flexible  indexing 
system  ensuring  that  conventional  arrangements  of  these  components  are  readily 
adapted to the program. The system for describing  these  geometric  details  is 
presented  in  Section 111. Section IV considers  only  the  potential  flow (in- 
viscid)  solution for the  desired  shape  through a distributed  vortex  analysis. 
Discussions  involving  boundary-layer  charscteristics  are  sub-divided  into 
o r d i q  turbulent or laminar  flow  characteristics  (Section V) and  the  special 
case as a result  of a slot, the  confluent  boundary-layer,  (Section VIII). The 
purely  geometric  aspects  of  slot-flow  analysis  are  inherent in the  orienta- 
tion system  described in Section 111. The  aerodynamic  oonsiderations for slot- 
flow  are discussed in Section VTI. 

In defining  the  "equivalent  airfoils" (i.e. actual  physical  shape  as 
modified by boundary-layer and wake  effects),  the  multi-component  case,  with 
the  more  complex wake pattern,  is  treated in a somewhat  different  manner  than 
in  the  case  of  the  single  airfoil. For this  reason,  separate  discussions  of 
the  individual  approaches  are  given in Seotion VI (single-airfoil) and Section 
M (multi-component). Section X describes  the  details of the  computer  program 
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i n  t e r n  of the algorithmic and topographical structural forme of the program. 
Conclueion8 drawn and thoee  obeervations noted during the c o m e  of the pro- 
gr-3 effort ,  as well a8 those  aseociated with the  correlation  apelyeee, are 
given i n  Section XI. This eectian also provides a eu1111116~cy of the program limita- 
tions and discueees  those program exteneione w h i c h  can be readily adapted within 
the existing framework.  Customer utiliaation  notee, including input and output 
format, and progrem lietinge are given in  a "Supplement t o  NASA CR-1843", 
w h i c h  is available upon requeet. A request form i e  included at the back of this 
paper. 
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I11 - GEOMETRY DEFINITION 

The  baeic  airfoil  geometry is defined a series  of  surface  coordinates 
with  each  component  defined in a separa;te  coordinate  system.  Consider  Figure 
111-1 which  illustrates  the  basic  principles  of  the  lofting  method.  Part (a) 
illustrates  the  two  components in the  separate  coordinate system with a pivot 
point  defined in eaoh  system.  The  first  step is to  transfer  the  secondary 
(flap)  system  into  the  primary (main) systems  such  that  the  two  pivot  points 
become  coincident as shown in (b). The  secondarg  component  is now rotated 
through an angle 6 2-1 about  the  common  pivot  point  to  complete  the  lofting 
procedure as in (c) . 

The  pivot  point may be  defined  in  several  different  manners in order  to 
implement  different  procedures.  One  example  of a convenient  definition  would 
be  the  actual  pivot  point  of  the  hardware  linkage  mechanism  used  to  deflect a 
specific  component.  Another  possible  example  would  be  the  trailing  edge  of 
the  fore-component  to  facilitate  the  determination  of  the  slot  exit  =ea. 
Other  candidates  would  be  the  leading  edge  of  the  aft-component and the  center 
of  curvature  for  portions  of  the  slot  geometry.  The  primary  determining 
factor  in  selecting  the  pivot  point  is  obviously  that  which  most  readily 
adapts  to a particular  geometric  condition  requiring an accurate  surface  defi- 
nition. 

The  several  features  of  the  lofting  procedure of a four-compoaent air- 
foil  are  illustrated by Figure 111-2. Component 2 is  defined as the main or 
reference  component  and  its  coordinate  system  is  the  reference  coordinate 
system.  Components 1 and 4 are  defined as secondary  components  and are placed 
in  the main system  using  pivot  points A and B respectively.  The  notations 

ti 1 and 64 are  now  accomplished in the same manner as 62-1 of  Figure 
111-1. During the  translation  and  rotation  of  component 4, plvot  point C is 
carried  along  with  the  actual  surface  coordinates. Now the  tertiary  component 
(3) can be placed using pivot point C and  the  appropriate 63-4. Hence, ~IIY 
component  can  be  placed  with  respect  to any other  component as long as  one 
component  is  defined  as  the  main  component  and  the  sequence of placements  is 
clef  ined. 

Based  on  previous  experienoe, a more  accurate  potential  flow  solution  is 
generally  obtained  if  the  points  defining  the  surface  geometry  are  distributed 
by 

where 

i =0,1,2 . . . ..,2N. 
I 



This  yielde  the  form of distributiona  depicted in Figure III-3(a). As 
ehown in this  figure, the  surface  points are grouped near the leading-and 
trailing-edge  of the component whioh are the regions of rapid  change in either 
geometrg or the  distribution motion for the fundamental solution. 

An additional  problem is that  of  determining the proper Hi to  allocate 
the  number  of  available  surfaoe  points among the components, aa seen in Figure 
III+(b). The  allooation  function wed herein is 

where  the  expression  inside  the  brackets  ie  truncated to the greatest  positive 
integer  contained in the result. This function  guarantees  that  each  component 
will  be  represented by a minimum of 21 surface  points and the  number of  points 
will  be a f’unction of the  relative  size  of  the  component.  Since  the  bracketed 
expression  is  truncated, N 

N 5 2 1  
C 

S P  
i=l 

and  hence,the  additional  points are added 
Bi’s  until N 

C 

N = 2 1  
1-1 

SP ._ 

N. 
I 

to the  components  with  the  smallest 

N. 
I 

The  choice of the  distribution and allocation  functions  is  rather  arbi- 
trary. However,  experience gained in using  these  functions,  as  formulated, 
has shown a high degree  of  success.  Therefore,  it  is  recommended  that  these 
f’unctiona  be  utilized. 
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I11 - SYMBOLS 

Chord of  the im component 

Number  of  components 

Number  of angular increments used in defining a surface of the ia 
componente 

Total  number of surface  points to be used in defining  the  airfoil 

The distance along the  chord,  from  the nose of the  component, to the 
j* point 

The  deflection of the i* component  with  respect to the Jth component. 

The angular  distribution  function 
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IV - POTENTIAL FLOW SOLUTION 

The potential  flow  problem  is  approached by using  the  vortex  singularity 
as the  fundamental  solution to the  Laplaue equation. A slight  manipulation  of 
the  potential  function  of  a  vortex  singularity  yielda  the  two-dimensional  Biot- 
Savart law: 

V = Y  
2 nr (IV-1) 

This  is  modified to a singularity  distribution form 

C 

The airfoil  is  approximated a closed  polygon, as illustrated in Figure IV-1, 
allowing the BiotSavart integration to be  accomplished. The assumption is 
made  that  the  surface can be  replaoed a distribution of singularities  as 
depicted  in Figure IV-2. The form  of  the  singularity  distribution  ie assumed 
to be linear and  continuous  at  the polygon corners. !l!hua, the  velocity  in- 
duced  .at a point is 2 N  5..  

f x  a; 
r 

which can be  integrated  to  yield  an  equation  of  the  form: 

2N+ 1 

The velocity,  normal  to  the  surface of the  airfoil,  induced by the  vortex  dis- 
tirbution is: 

2N+ 1 

or  at  some  point 
2N+ 1 

Simultaneously,  the  normal  component  of the  freestream  velocity  is 

21 
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Combining  these  two  relations in matrix  form gives: 

(IV-8) 

which  specifies no flow across the  surface at the  "i" control points.  These 
steps  lead to one  less  control point than end  points  thus  necessitating  one 
additional  equation. This  equation  is  the  well-known gutta condition  which  is 
written as 

y 1  = -Y2N+1 (m-9) 
Upon  the  inolusion  of  this  relation,  the  solution is found to be 

(rv-10) 

To illustrate  the  manner in which  the  influence  coefficients, Ani,.,  axe 
determined,  Figure IV-2 shows a typical  plate and control point combinakon; 
positive  directions  are as shown. To simplim the expressions,  the  variables 
"r" and "s" are  defined as follows: The  distribution of vortex  strength along 
the  surface is assumed to be  linear  with  respect to surface  lengths,  or, . 

Similarly,  the  surface  coordinates are 
(x.+, - x.)s 

x(s) = x .  + ' 
I I. I 

(z.+l - z.)s 
z(s) = z. + I 

I I .  I 

(rv-11) 

(IV-12) 

The  distance  between  the  surfaoe and the  control point can  be written  as 

r2 = a + bs + cs 2 

where 

a* = ( x  - x . )  + (zc - 'i) 2 2 
I 'i I I 

and 

22 

c = 1.0 i 



Substituting  these  expressions  into  Equation (IV-3) results in: 

I [ k C i  - zi)s -(=i+ll.- 'i) 2 1  
l 2 .  . = f  2 I ds 

' 1 1  0 a + b s + c s  

In order  to  evaluate  these  four  integrals,  the  following  three forms are 
required: 

I 

0 

and 

Comparing  these  results  with  the  form  of  Equation (IV-4), it can be  seen that 

(Iv-1 a) 

where  the  first  term is zero  for j a 1 and the last  term is zero for j = 2N + 1. 



I n  utilizing  the  foregoing  prooedure,  the  possibility  of  computationsl 
difficulties  under  special  geometric  conditions  should be considered. Con- 
sidering  the  logerithm  term  which  appears  in I" and I"' and Equation (IV-8), 
it oan be  seen  that  the  argument of the  logarithm  is  the  ratio  of  the  squares 
of  the  radii  from  the  two  ends  of  the  plate  to  the  control  point in question. 
Hence  the argument is  positive  definite  and  can  be  neither  zero nor infinite. 

Next,  consider  the  term, q , defined by 
2 q = 4 a  - b ("9) 

which  appearrs as a square  root  in  Equation (IV-14). This  implies  that q must 
be positive  definite  in  order  to  avoid imaginaq or  lex  influence 
coefficients.  Substituting  Equations (IV-9) and into q to  obtain 

4 
q = 7 [ (xc. - X . k .  - 2.) - (2 - z.)(xi+l - x.)] 2 

I I 1+1 I I I C .  
(Iv-20) 

which  implies that q is  positive  definite.  Note that q also appears  in  the 
denominator of Equation (IV-14) and hence  the limit as q approaches  zero  must 
be  considered. 

Lim I '  = 2 Lim 1 -1 I &  
q - 0  q " O ~ t a n  l2a + Ib l  

A p p 4  L'Hospital's  rule  to  obtain 

Lim I '  =- 21 
2a + Ib q-0 

(Iv-21) 

(Iv-22) 

which  is  the  limit  expression  for q . The physical  implication of q going  to 
zero  can  be  evaluated by examining  squation (IT-22) Setting q = 0 yields 

2 - 2 .  
c i  I - z.+l - z. 

- 
x - x .  

c; I 

which  implies that the 
is inducing  the  flow. 
of  the  sheet. 

Finally, consider 

control  point  is  colinear  with  the  vortex  sheet  which 
However,  the  control  point  does  not  lie on the  surface 

the  case  of  the  control  point  lying on the  surface  of 
the  vortex  sheet. In this  case,  the  induced  veiocity  is normal to  the  sheet 
itself by the  nature  of a vortex  singularity.  Therefore,  writing  the  Biot- 
Savart law as 

" 



0 

W h e r e  

r = s - s  
C 

and 
1 

Y = Y i  + j- (Vi+, - Yi)S 

Integrate  to  obtain 

This  gives  the  magnitude  of  the  induced  velocity  and  the  direction  is  given by 

(IV-26) 

which is the  unit  normal  vector to the  vortex  distribution.  However.  the  in- 
fluence  coefficient  is  the normal velocity and hence  is  given by Equation 
(Iv-25) 

On additional  problem  is  possible  if  the  influence  coefficient  matrix is 
used  exactly as presented. When the  trailing  edge  region  of  the  airfoil  ap- 
proaches a cusp,  the  effects of the  first  and  last  vortices  tend  to  become 
identioal. The result  of this  approach  to  coincidence  is  that  the  matrix 
tends to become singular. In an effort to avoid  this  diffioulty,  consider  the 
Kutta oondition for a lifting body. The  implication  is  that  the  circulation 
at  the  trailing  edge  must  be  zero.  Under  these  circumstances,  it is apparent 
that the value  of the influence  coefficients  for  these  vortices  can  be  arbi- 
trarily  altered  with no significant  effect on the  proper  solution.  Hence, the 
influence  coefficients in the  upper half of  the  matrix in theA. position 
are  chosen to be 1 and the  lower  half  matrix  coefficients in the A. position 

I,N 

4rr I,1 
1 are chosen to be - rrr This arbitraq ohoice  removes  the  singularr  nature  of 

the  matrix and further can be  applied in all  cases  with no diffioulty.+h.How- 
ever, if an airfoil  is  ousped and I4 is chosen  large, the 1st and (N-1) con- 
trol points  tend  to  experience  the same effects  causing an approach to singu- 
larity in the  first and last rows of  the  influence  coefficients. An actual 
limiting  value  of N is unknown at  the  present  time.  It is  recommended  that 
N < 65. 
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I I 1  

Considering  Equation (IV-21) again,  the  solution  yields a vortex  distri- 
bution  which  allows no flow  through  the  surface  at  the  i-control  points 
(xci, zci). It  can  easily  be shown for a closed surfme that the  surface 
velocity  distribution  is  then 

and hence  the  surface  pressure  coefficient for incompressible  flow  is  given as 
c = 1 -(<) 2 

P 
(IT-28) 

Results  representing  this  solution  are  compared  with  classically  exact 
solutions  to  four  incompressible  cases  in  Figure IV-3. Bote  that  in  the  case 
of  the Joukowsky airfoil, a non-zero  velocity  is shown at the  trailing  edge. 
This  result  is  obtained  by  applying  the  mean  value of the  upper  and  lower  sur- 
face  velocities  from  the  point  preceding  the  trailing  edge,  as  the  trailing 
edge  velocity. 

To represent  the  effects of compressibility,  the Fkcman4sien correction 
law  is  employed.  From  the  velocity  transformation,  the  parameter, A , is 
defined  as 

M2 m 

x =  ( 1  + L F ) 2  

Then,  the  compressible  velocity  ratio  is given by: 

Using  the  isentropic  flow  relations,  the  local  Mach  number and pressure  co- 
efficients  are  given as 

M =  1 

ana 

2 
kMm 2 

c =- 
m 

k - ":/ 
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FIGURE IV-1.-  AJRJ?OIL FBPRESENTATION 

(a) AIRFOIL APPRQXIMATION BY POLYGON 
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(b) VORTM REPRESENTATION OF THE AIRFOIL 
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FIGURE IV - 3 
COMPARISON OF "HEORY AND EXACT SOLUTIONS 
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FIGURE IV-3 (CONCLUDED) 
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v - ORDINARY BOUNDARY LAYER 

The  approach  selected in accounting  for  the  effects  of  viscosity  is  that 
of  altering  the  physical  geometry  of  the  airfoil  to  account  for  the  bounda,ry 
layer  influence. This results in an "equivalent"  airfoil  upon  which  the  per- 
formance  of  the  system  is  based.  It  has  been  found  that  the  displacement  thick- 
ness, f, is the p-ter  of prime  importance.  Therefore,  this  parameter,  the 
momentum  thickness 8, form.  fa6tor H (separation), and Cf  (friction  drag)  are 
the  parameters  to  be  calculated. 

In determining  the  development  of  the  boundary  layer,  the  basic  assump- 
tions  are  made  that  the  influence  of  viscosity  is  confined  to a relatively  thin 
fluid  layer  near  the  surface  of  the  airfoil, and that  the  "law-of-the-wall" 
applies.  The  required  calculations  for  the  boundaxy  layer for the  case  of  the 
single-component  airfoil  can  be  divided  into  three  categories: 

1. Laminar  boundary  layer  and  the  formation  of  short  bubbles  or  long 
bubbles  leading  to  laminar  stall. 

2. Transition  region. 

3. Turbulent  boundary  oalculations . 
In the  paragraphs  whioh  follow,  the  theory  for  eaoh  of  the  above  is 

dessribed  and  the  correlation  of  the  calculated  parameters  with  experiments 
are  presented.  For  the  turbulent  boundary  layer,  two  separate  math  models 
are  formulated  with  both a refined  and  approximate  calculation  represented. 
The  derivation  and  purpose  of  each  are  described  in  the  present  section. In 
the  case  of  multi-component  airfoils,  calculations  must  also  be  performed 
for a confluent  boundary  layer  which  can  be  present  over  the  major  portion 
of  the  upper  surfaces.  This  is  discussed  in  Section  VIII. 

Laminar Boundary  Layer. - An accurate  determination  of  the  laminar 
boundary  layer  from  the  stagnation  point  to  the  beginning  of  transition  is 
necessary  in  order  to  predict  the  point of transition  and  also  for  the  predic- 
tion  of  laminar  stall  for  single  component  airfoils  or  for  the  leading  element 
of  the  multi-component  section. Fwther, this  determination is needed  to 
compute  the  contribution  of laminas skin  friction  drag as well aa the  determi- 
nation  of  an  equivalent  airfoil  shape up to  the  beginning  of  transition.  For 
the  purposes  of  the  present  application,  the  meaningful  quantities  are  the 
momentum  thickness 8, displacement  thickness 85 the form factor H, the  skin 
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friction  coefficient  Cf  and  the  local  Reynold's  number based on  the  momentum 
thichess Ree, These  quantities  are  required  for  evaluating  flow  conditions 
and characteristics  consistent  with  the  problem  definition - two-dimensional 
steady-state  flow  about an airfoil. 

The  development  of  theory and equations  for  the  laminar  bound-  layer 
calculations used in  this  report  is  outlined  in  detail  in  Reference V-l* 
Hence, only the  principal  equations  and  theory  for laminar boundary  layer  cal- 
culations  will  be  sumua.rized  here.  Reference V-l also  contains a comprehensive 
bibliography  of  theoretical.  boundary  layer  development  pertinent  to  the  present 
work. 

The  Stewartson's  transformation  is  used  to  convert  the  ordinates  from  the 
physical  plane  into  the  compressible  plane and vice  versa.  Thus 

The  interpolation  formula  for  viscosity  is  used,  based  on D. M. Sutherland's 
theory  which  is 

3/2 To + Ksu 

where p = viscosity  at  stagnation  temperature To 

and Ksu = 198*R, 
0 

The use  of  Stewartson's  transformation  gives  the  following  relationship 
between  the  quantities  in  the  physical  plane  and  the  transformed  or  compres- 
sible  plane. 

a 
a e ' t r= p, ae 

U e = 4  P. > e  H = H , ~  ( 1  +&+ 1 2  M ~ )  
e (v-3 1 

The  following  definitions  are  introduced. 

where n is  defined  as  the  correlation  number  and 4, is  defined as the  shear 
parameter. 

"he  following  momentum  integral  equation  in  the  transformed  plane  can  be 
derived  in  the usual manner: 
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After  substituting  definition (V-4) into (V-5), the  following  equation  can  be 
obtained: 

(v-6) 

From  the  results  of  the similax solutions by Cohen and Reshotko  (Refer- 
ences V-2 and V-3), the  functional  relationships  between  correlation  number 
and momentum  parameter,  and  correlation  number and shear paramter are calcu- 
lated.  These  relations  are  shown in Figures V-1 and V-2. The  solution  for 
local  correlation  number, and hence for momentum  thickness,  from  the  stagna- 
tion  point  is  accomplished by numerical  integration  of  Equation (V-6) along 
the  particular  curve  in Figure V-1 as  corresponding  to  the  average  airfoil 
surface  temperature. 

"he  local  skin  friction  is  calculated by the  use of: 

I W 

The  local  form  factor, H, is  obtained by the  use  of  the  following  expression 
which  is  derived  from  the  numerical  solution  results  of Chapman and Rubesin 
(Reference V-4) and  Crocoo's  relation  for  temperature  distribution in the 
boundary  layer: 

H = H  m [1 + C l ( t  - 1) + C 2 ( k  - $1 
where 

c1 = , C2 = [ 4.65(Pr)1/3 - 3.65(Pr) .62 

~ a w  = Te I1 + (Pr)l l2 9 M i ]  , Hm = 1.1138(n) + 2.384 

e 2 due uee 
Quantities  such as 8, H I p , c&xiLated by the  above  method 
at discrete  points can then be used to  delermine  the  location of transition 88 
well as provide a method  for  short  bubble or long  bubble  prediction. 
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Transition  Prediction. - The  process  of  transition  from lamim to tur- 
bulent  boundary-layer,flow on the  airfoil  is a very  complex  phenomena  dependent 
upon  pressure  gradient,  wall  roughness,  free  stream  turbulence,  local  Mach 
number,  Reynold's  number  and body forces (i.e. centrifugal  foroes  due  to  con- 
vex o r  concave  walls). 

Figure V-3 shows  the  development  of  the boundazy layer on a flat  plate 
with  zero  pressure  gradient  in  the  axial  direction.  The  three  regions shown 
((1) , (2) and (3) )  a m  the laminar region, the  transition  region, and the tur- 
bulent  region,  respectively.  Figure V-3 also  shows  schematically  the  stability 
c m e  of  as*versus  Reynolds'  number, based on displacement  thickness. This 
curve  is  computed  from  the  stability  theory  for  the  Blausius  velocity  profile. 
The  laminar  region,  from "0" to "att, is  completely  stable  to any disturbances. 
Point  tra'c  is  determined  from  the  stability  curve,  and  thus  it  is a f'unction  of 
the  freestream  Reynold's  number.  Point "a" represents  the  position at which 
aqy disturbance - such  as  free  stream  turbulence,  wall  roughness,  oscilla- 
tions  of  the  plate,  etc. - will  cause  fluctuations  in  the  velocity,  tempera- 
ture,  etc.  within  the boundary leyer.  The  region  from "an to "b" thus  repre- 
sents  the  time  or  distance  required to start  these  fluctuations.  The  length 
of  the  region  from "a" to "b" depends on the  tspe and extent  of  the  distur- 
bances  and  heat  transfer.  Still,  the  flow  from  "at1  to "b" is  laminar boundaq 
layer  flow.  At  point "b", sharp increases  in  boundary  layer  thickness and 
changes  in  skin  friction  begin  to  take  place.  The  length  of  the  transition 
region, b-c, depends on the same factors as the  region  a-b.  The  location  of 
point "b", for  the  flat  plate  is  thus  given by 

This  relationship  depends  upon:  free  stream  turbulence,  wall  roughness,  heat 
transfer,  free  stream  Mach  number,  etc.  The  location  of  point "a", length  of 
region  a-b,  and  length  of  region b-c would a l s o  depend  very  strongly on the 
pressure  gradient,  if  present. 

Figure V-4 shows  the  velocity  profile,  form  factor,  boundary  layer 
thickness,  and  skin  friction  in  the  different  regions  mentioned  above. 

The  theory  and  equations  for  transition  prediction  are  outlined  in  detail 
in  Reference V-1 . Only the  principal  equations  will  be  summarized  here. 

Figure V-5 shows  the  curve of the  critical  local  momentum  thickness 
Reynold's  number  versus  the  local  shape  factor = (e 2 /v)(dUe/ds).  This  curve was 

derived  from  the  curves  of  neutral  stability  calculated bs Schlictiq and 
Ulrich f o r  various  pressure  gradients.  The  region  between  this  curve  and  the 
X-axis  is  the  stable  region  and  the  region  above  and  including  the  curve  repre- 
sents a condition of instability  in  the boundary layer  corresponding to the  one 
described  between  points "a" and "b" in Figme V-3. Thus,  when  the  local 
quantities  such 88 8 , Ue, and due/& at  the  discrete  points  evaluated as a 



lami- boundary layer, are such thrrt the point  corresponding to local d u e s  

of (R 8 ,  !? due,&) fall  above  or on the  curve shown in pigure v-5 , then 
t h s b w  lryer baa become  unstable to external  disturbanoes.  Calculations 
a,re then performed  downstream  of  this  instability  point to determine  the  looa- 
tion of the  point of transition to the turbulent  boundary  lager. 

e v  

Figure V-6 shows the c m e  of [(Y) -(?) ] 
transition instability 

versus K . Here, is defined aa the mean value of  the  pressure  gradient 
parameter  calculated  from  the  inetability  point to the  downstream point on the 
airfoil, i.0,: 

point ' "'instability 
ad, 

= Momentum  thiokness  Reynold's  number  at  instability 
(')instability point on  the  airfoil  which  is  determined  the 

previous  calculation. 

Momentum  thickness  Reynold's  number  at  the  point of 
transition to be  determined. 

d u  e2 
The values  of e l  $ and t r d c  oalculated  at  discrete  points,  down- 
stream  of  point  of  instabilifq,  are then used to locate  the  point; 

u e  [y  - (+) i?J ih Figure V-6. 
instability 

If the  point  falls  below  the  curve in Figure V-6 then  the  calculations  of 
laminar  boundary  layer are  continued  to  the next  point on the  airfoil surface. 
This process  is  continued  until  values  calculated  fall on or  above  the  curve 
at  which  point transition  from  laminar to turbulent boundary layer  is assumed 
to  have  taken  place. 

Laminar Stall  Prediction. - S t u d y  of  the  evolution of wing lift aa a 
fhnction  of  incidence  has shown in many instances  the  presence  of  bubble  sepa- 
ration at the  airfoil  leading-edge  resulting in laminar  seotion stall. Fk- 
perimental data on two-dimensional  "peal@ airfoil  sections  indicate  that 
Cl-, as limited by laminar stall,  is  strongly  dependent on leading-edge 
shape and, freestream  Reynold's  number. The laminar  boundary  leyer,  which 
develops on the  upper surface of the airfoil,  at  high  angles-of-attack,  is 
subjected  to a verg  high  adverse  pressure  gradient  after  traveling only a 
short distance  downstream. As a result,  the  local  momentum-thiclmess  Reynold's 
number,  just  aft  of the pressure peak, has not  reached a level  suffioiently 
high to cause  transition to a turbulent  boundary  layer. On the  other hand, 
the  laminar  layer,  because of a low  kinetic  energg  level has insuffioient 
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energy  to  surmount  the  "pressure  hill"  of  the  adverse  gradient  near  the  lead- 
ing  edge.  The  result  is  that  the  laminar  boundary  layer  separates  from  the 
surface  of  the  airfoil.  The  separated  shear-layer  which  is  formed, may curve 
back  onto  the  surface  within a very  short  distance;  this  is  defined  as  short 
bubble  formation. In certain  cases,  the  separated  viscous  layer  near  the 
pressure  peak may not  reattach  to  the  surface  at  all  or, may reattach  within 
0.2-0.3 chord  lengths  downstream. In either  case,  the  flow  over  the  airfoil 
is  unsteady  because  of  the  extensive  separation  and  hence  is  of  little  practi- 
cal interest.  This  extended  sepazated  region  is  defined  as  long  bubble  separ- 
at ion. 

Figure V-7 shows  typical  pressure  distributions  for  single-piece  airfoils 
exhibiting  both  laminar  and  trailing-edge  (or  turbulent)  stall.  Figure  V-8 
shows  characteristic  lift  curves  for  laminar  short-bubble, lamina long-bubble 
and  turbulent  trailing-edge  stall  for  the  single-component  airfoil.  When  the 
short  bubble,  which  is  formed  near  the  pressure  peak,  bursts,  and  the  flow 
remains  unattached,  the  lift  coefficient  decreases  sharply  with  further  in- 
creases  in  angles-of-attack,  as  shown  in  the  Figure  V-8.  When  the  short 
bubble  bursting  is  followed  by  downstream  reattachment  (long  bubble  formation), 
the  lift  curve  exhibits a characteristic  discontinuity  as  denoted  by  point C1 
in  FigureV-8.  Because  extensive  and  increasingly  larger  regions  of  separated 
flow  are  occurring  after  point Cq, the  flow  over  the  airfoil,  in  the  range  of 
0 between a C1 and Q Dl is  unsteady and is therefore  not  representative  of 
the  steady-state  conditions  which  are  considered  here. 

Apart  from  the  observation  of  Sir  Melvill  Jones  (References V-5 and V-6) 
over 30 years ago, little  work was carried  out  on  the  bubble  problem  until 
fresh  interest  was  aroused  through  the  use  of  thin  airfoil  sections  for  im- 
proving  drag  divergence Mach numbers.  Von  Doenhoff  (Reference V-7) suggested 
certain  reattachment  criteria  based OR simple  geometrical  arguments.  His sub- 
sequent  method  for  predicting  bubble  bursting  did  not  appear  to  be  applicable 
to  the  general  case.  McGregor  (Reference  V-8)  experimentally  investigated 
leading-edge  bubbles  and  bypotheaized  that  the  change in kinetic  energy  in 
going  from  the  shear  layer  to  the  bubble  must  balance  the  losses  due  to  viscous 
dissipation.  Bubble  expansion  appeared  to  be a likely  mechanism  for  maintain- 
ing  this  equilibrium.  Owen and Klafner  (Reference V-9) analyzing experimental 
pressures  on  several  airfoils  found  that  leading-edge  bubbles  could  be  typified 
as  either  gflong"  or  "short"  depending  upon  whether  the  separation  boundary- 
layer  Reynolds  number (R a*) was  larger  than  or  less than about 450. Crabtree 
(Reference V-10 and V-1 If, correlating a large  amount of experimental  data  by 
plotting  log I /&  * against Re6 *, confirmed  the  existence  of a critioal 
Reynold's  number  of  about 450-500 separating  the  two  bubble  regimes.  Ekperi- 
mental  cases  have  been  found,  however,  which  show  much  larger  bursting 
Reynold's  numbers ( 1200 for a blunt-nosed  model)  and  some  attempt  has  been 
made  to  explain  these  differences  through  consideration  of  the  pressure  rise 
over  the  bubble  (Reference V-10). 

From  the  foregoing  discussion,  it  is  apparent  that  the  presently  available 
analytical  techniques  for  predicting  short  or  long  bubble  formation,  as  well 
as laminar  stall,  are useful for data  correlation only; this  is  due in part  to 
the mauy simplying  assumptions in the  calculation  of laminar boundary  layer 



parameters. An attempt  was  made  within  the  present  program  framework,  to 
correlate  oriteria  for laminar stall  prediction  as  suggested by Reference 
V-12, with  erratic  results.  Consequently,  Goradia-Ipan  criteria  for  the 
prediotion  of laminar stall  on  single-piece  airfoils  were  developed  for  the 
multiple-airfoil  computer  application. In this  development,  certain  dimen- 
sionless  parameters,  comprising  the lamina,r stall criteria,  were  derived by 
dimensional  analysis.  The  actual  relationship  existing  between  the  selected 
parameters was subsequently  determined  through  correlation  with  experimental 
data. In the paragraphs which  follow,  the  derivation  of  the laminar stall 
oriteria  through  the  dimensional  analysis  technique  is  outlined. 

The  momentum  integral  equation  for a laminar  boundary  layer  under  the 
influence  of a pressure  gradient  is  given as: 

(v-10) 

A fourth  order  velocity  profile  assumption  (after K. Pohlhausen ) takes 
into  account  the  no-slip  conditions  at  the  wall  as  well  as  those  separated 
velocity  profiles having a point  of  inflection,  thus: 

2 3 4  2 = f(q) = aq + bq + cq  + dq 
'e (v-I 1) 

Four free  constants (a, b,  c,  d)  are  determined  when  the  following boundaq 
conditions  axe  prescribed: 

The  non-dimensional  quantities may be  defined as: 

(v-12) 

By making  use  of  Equation (V-11) and the  boundary  conditions,  the  following 
relations  can  be  derived: 
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By further  definition: 

- To e = (2 + A ) (  37 A 
'e 6 315-945-9072 A2 ) = f2(K) 

e2 dU 
z =-, then K = z-  e 

V dx 

(V-I 6) 

By substituting  Equations (V-5) through (V-7) into  the  momentum  integral  equa- 
tion (V- l ) ,  and, after simplification,  the  following  is  obtained: 

dz -F(K) 
ds Ue 

dU 

ds 
" 

e , K = z -  (v-18) 

In order to  establish an empirical  criteria  for  the  presence  of a short or 
long  bubble  (i.e.  for  the  prediction  of  laminar  stall) various pairs  of  physi- 
cal  parameters  which  are  shown  in  Equations '(V-15) through (V-18) may be 
selected. For example,  the pair, H (or F) and  the  pressure  gradient param- 
eter, K (or L d U ,  ), as seen  in  Equation (V-16)- could  be  chosen.  The  form 
factor, H, 1s used  extensively  in  predicting  separation  for  the  turbulent 
boundary lqer or trailing"  atall on single-component  airfoils.  This  cri- 
teria,  however,  cannot  be  used  in  the  case of laminar  stall  prediction  because 
the  measurement  of  velocity  profiles  downstream  of  the pressure peak  in  the 
adverse  pressure  gradient  show  an  inconsistent  variation  of H as associated 
with  transition  phenomena. On the  other  hand, by considering  the  combination 
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To 
( vT ) and (9) from  Equation (V-l7), a soume-prrir is obtained  whioh,  after 
the  following  aimplifioation,  provides the  desired  oorrelation parameters: 

Measured  velooity  profile6  downstream of the  pressure peals indioate  that 
there  is  little ohange in the  value  of  the  slope Of the profile  until  the  flow 
leaves  the surfaoe. Henoe the & downstream  of  the  pressure peak oan be 
regarded  apprarimLtely  oonstant. a Y  ly'o 

Thus, after  dividing  both  sides  of  Eqnstion (V-9) by - e2 the  following 
is  obtained: V 

(v-20) 

where, C, is  the  airfoil  chord. Also, the  freestream Mach number  and  looal 
Maoh number  are  both assumed to  be  suffioiently  amall  that  the  oompresaibility 
effeots  are  likewise  small. 

Equation (V-20), derived by a  dimensional analysis of  laminar  boundary 
layer  behavior,  suggests  that a pair  of  parameters,  such 88 local  Mach  number 
grsdient d.Me and  local  momentum  thickness  Reynold's  number R can provide ee 

d x / C  
correlatio<"for  the  prediction  of  laminar  stall.  The  leaat square straight 
line shown in  Figure V-9, comprising the desired  criteria  curve, w a s  derived 
on this  basie wing experimental  velooity  profiles  in  the  vicinity  of  the  bubble 
region along  with  pressure  distributions.  These  stall  criteria are used in the 
present  program for  predioting lamina,r stall on the  aingle-oomponent  airfoil. 

Figure V-10 illustrates  sohematioally  the  sequenoe  of  steps used in the 
program in going  from  the  laminer boundaq layer  caloulationa  to  obtain  initial 
oonditions for  the ordinarg  turbulent  or the oonfluent  boundary  layers, When 
the  airfoil is at  the  stall  criteria, the p r o m  logio  stops  further  oaloula- 
tions. Other  boundazy w e r  oaloulation  sequenees are shown in this figure. 

Turbulent Boundary Laser. - Ordinary turbulent  boundary layer is usually 
present on the  upper surfaoe and lower  surface of the single-component  airfoil 
and on the  upper  surfaoe of the most  forward  element  of  the  multi-component 



section.  The  main  qyantities  normally  desired  from  turbulent  boundary  layer 
caloulations  are  the  momentum  thickness  and  displacement  thickness,  the  point 
of  sepaxation  if any, and skin friction  drag. 

.Most  recently  developed  ordinary  turbulent boundsry layer  theories  consider 
only  the  time-averaged  turbulent  motion,  thus  yielding only "mean" or "time- 
averaged"  results. If the  time-averaging  process  is  performed  on  the  Prandtl's 
boundary  layer  equations  for  continuity,  momentum and thermal  energy,  the  re- 
sulting  equations  would  contain  terms  consisting  of  the  time-averaged  produot 
of  the  fluctuation  quantities.  The  expressions  for  these  quantities  are  approx- 
imated  by  various  semi-empirical  theories. As an example  of  the  above  approach, 
consider  the  momentum  equation  for  the  incompressible  laminar  boundary  layer 
flow  which  is  given by: 

If one makes the  following  substitution  in  Equation (V-11 ) 

p = F + p '  ; u = j + u '  ; - v = v + v '  

(v-21) 

(v-22) 

then  after  time-averaging  the  resulting  equation,  the  following  equation  is 
obtained: 

The  resulting  Equation (V-23) contains an additional  term,  the  product  of  the 
fluctuation  quantities P u' v' which  is  defined  as  shearing  stress  due  to tur- 
bulent  fluctuations.  Different  semi-empirical  expressions  have  been  advanced 
for  this  turbulent  sheaxing  stress by Prandtl,  Boussinesa,  Deissler,  Ludwieg- 
Tillmann,  and  Von Karman, as  examples. 

As will  be  shown in the  correlation  section  of  this  report,  the  majority 
of  the  multiple  airfoil  configumtions  considered  exhibit  some  degree  of 
localized  separation  throughout  the  angle-of-attack  range.  In  contrast,  the 
turbulent  boundary-layer  model,  just  described,  is  structured  around  the 
assumption  of  completely  attached  flow  conditions  over  the  entire  airfoil. 
Under  this  format,  the  attainment  of  specified  separatedflow  criteria  would 
therefore  represent a sufficient  condition  for  terminating  further  calcula- 
tions.  This  procedure  could  lead  to  obvious  difficulties  when  approachiug 
the  final,  viscous  solution  through an iterative  procedure  which  starts  with 
a potential  flow  pressure  distribution  generally  unfavorable  for  maintaining 
completely  attached  flow.  Additionally,  running  multiple-case  loads  through 
the  program  could  become a time-consuming  process  when  the  number  of  separated 



flow cases is high.  It therefore  became  desirable  and  convenient to formulate 
a seprurate  turbulent  boundary-layer model  which  would remain stable  under  the 
influence  of  extreme  gradients,  both  favorable  and  adverse, and which  would 
simultaneously  provide  reasonable  magnitudes  of  momentum and displacement 
thicknesses  downstream  of  the  separation  point. Under this  scheme, a refined 
Nash boundary-layer  model  would  be  used to mcurately describe  the  attached- 
flow  character  of the turbulent  boundary-layer during the  last  several  program 
iterations  where  potential  pressure  gradients  are  substantially redwed. 
Additionally,  when  flow  separation  is  apparent in the visoous solution, the 
refined  model  would  be  used to mcurately define  the point of separation. 
Goradials  approximate  model  would  be  used in the  initial  iterations  thereby 
suocessively  reducing  the  gradients  toward  more  realistio  levels  or,  when 
separation  is  present,  provide  the  means  of  continuing  the  calculation8  to  the 
next  case. The  formulation of  both  of  the  turbulent  bound--layer models  is 
desoribed in the  following ps;r8grsphs. 

(A) Nash's  Ordinary  Turbulent  Boundarg  Layer  Method. - The  method  is 
applicable for both  low  Mach  number and high  transonic  Maah  number  flow  over  the 
airfoil  surface. A detailed  description  of  the  method is available  in  Beferenoe 
V-13 and so only a brief  description  of  the  method is presented  here. 

The  momentum-integral  equation  and  the  kinetic-energy  integral  equation 
for  the  mean  motion  in  a  compressible  turbulent boundarg layer in two- 
dimensional or axisymmetric  flow  can  be  written  as 

CD 

1 d  
2r dx e e (v-25 1 "(P u3 r S * * )  = J T a y  - p e u e d x f 3 *  au 2 

0 

where r is a constant for  a two-dimensional  flow  and  is  the  transverse  radius 
of the  body  for an axisymmetric  flow. 

The  mean  velocity  profile  assumption  is as given by a modified  Coles' 
relation, or: 

(V-26) 

where UT = friotion  velocity = 

The  relation  between H and g, as used for  low Pboh numbers, is given by 
the  following  curve-fit  expression: 

H = 1 .o + 1.333(2 -z )  + 12.0(2 - H " ) ~  
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The skin friotion emreasion for the low Ma& number  is  given by a modi- 
f ied Ludwieg-Tillmm expreesion: 

1 - 0.4 
C f  = .. 

U 0  
[3.18 loglo (*) - 1 . O ] 2  

The dimensionless shear stresa  is  defined by 

The  differential  equation  for I is  given by, 

(V-28) 

Where i is  the  oorresponding  value  of I for an equilibrium bound- leyer. 
A 

I is a Motion of H and  is  expressed  as a 4*-0rder  polynomial in H. 

The unknowns to be caloulated are 8 ,  H and the sheerr  integral. The equa- 
tions  used to caloulate  the  above  are  Equations (V-24),  (V-25) and V-26). 
These  equations  are  solved by using  a  prediotor-corrector  numerioal  technique 
at eaoh step. 

(B) Goradia’s  Ordinary  Turbulent Boundary Layer Method. - For incomprese- 
ible two4imensional boundary-layer  flow,  the  dissipation  energy  integral 
equation and the  momentum  integral can be  respeotively  written  in  the  following 
forme: 

6 
--tue 2 I d  dx 3 6**} =: j 7 & d y  

a Y  
0 
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Ilkom the  experimental data of  Referenoe V-14, the  expression for the shear 
intern, f. dy , aa deduoed by Truokembrodt (V-15) is ahown to be inde- 
pendent of-the form faotor E. The  expreasion for the  shear  integral oan be 
written to good approximation as, 

0 
0 . 5 6 ~  
u e 

(+) 
The experimental  value8 of turbulent skin friotion at the  wall oan be 

written as follows,  Referenoe V-16: 

7 3 = 0.123 x 10 
Pue 

By substituting  the  expression of the  shear  integral (V-33) in Equation 
(V-31) and simplifging,the following  analytioal  expression for momentum  thiok- 
ness, 4, is  obtained: 

Subscript  i  refers  to  the  condition at the point  of transition  from 1- 
to ordinary  turbulent boundary layer. 

The equation  for  the  incompressible  form  faotor, H oan be  obtained 
through the  algebraic  simplification  of  Equations (V-32) and (V-33): 

1 

The  form  factor, H, based  on  dissipation  energy  thidsness,  and  appearing in 
the  above  equation  is  related to the usual form  factor H by: 

- 1.269H H =  H - 0.379 

The  above  expression  is  deduoed  from  the  experimental  results  of  Reference V-20. 
The  inoompressible  momentum  thiokness  and  form  factor may be  oalculated  numer- 
ically by a single  step  iterative  method.  The  local  value  of akin friotion  is 
obtained through the  use  of  Equation (V-35). 

Equations (V-34) through (V-38) represent  the  de-sensitized  turbulent 
boundary-layer  equations  progranrmed for the  computer. Further  disouesions  of 
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the  programmed  interplay  between  Goradia's  model  and  the  previously-discussed 
Nash  model is provided in the  description  of  the  iterative  procedure,  Section VI. 

Boundary-Layer  Correlation. - To validate  the  foregoing  applications  of 
boundary-layer  theory  to  the  realistio  development  of  ordinary  boundary-layers 
on airfoils, a number  of  oorrelation  studies  were  performed.  These  analyses 
encompassed laminar, transition, laminar stall,  and  turbulent  boundary-layer 
correlated  to  varying  depths  dependent  upon  the  quantity or quality  of  the 
experimental  data  available. In each  instance, a computer  subroutine, devd- 
oped  according  to  the  foregoing  formats, was used  as an isolated  or  modular 
program  to  obtain  the  desired  correlation.  Thus,  subroutine  check-out  and  pro- 
gram  verifioation  could  be  performed  simultaneously. 

(a) Laminar. - Comparisons  of  predioted  and  experimental  laminar  boundary- 
layer  characteristios  are  presented  in  Figures V-11 through  V-13  for  several 
single-element  airfoils,  NACA 0012 and  NACA  0025. In each  case,  the  predicted 
boundarg-layer  data  reflects  the experimentally-determined pressure  distribu- 
tions  of  Reference V-17. Several  unpublished  input  parameters  required  for 
the  caloulation  of  these  data  were  the  position  of  the  stagnation  point  and  ?he 
wall  temperature.  The  former  could  be  readily  determined  from  the  experimental 
pressures  and  the  latter  parameter  oould  be  obtained  by  the  logical  assumption 
of a wall-to-free  stream  temperature  ratio  of  unity  inasmuch  as  the  tests  were 
conducted at low  Mach  number (M, = 0.3). The  comparisons  are  provided in 
terms of momentum  thickness , form  factor (H) and  displacement  thickness (5) up  to  the  point  of  transition.  Approximate  transition  points  are  shown 
on the  figures. It is  seen in these  comparisons  that  the  computer  subroutine 
calculations  are in very  good  agreement  with  the  experimental  results. 

( 3  

(b)  Transition. - Comparisons  of  predicted  and  experimental  transition 
points  are  presented  in  Figure V-14 for a number  of  airfoils  with  variations 
in  both  airfoil  geometry  and  test  conditions.  The  calculated  data  were  obtain- 
ed  from  the  computer  subroutine  operated  in  its  modular  form. In each  case, 
the  experimental  pressure  distribution was utilized as input  data. 

The  majority  of  the  data  provided  in  Figure  V-I4  are  shown  to  fall  within 
a f l0  percent  accuracy  band.  These  airfoils  represent  tests  conducted  under 
relatively  ideal  conditions  of  low  freestream  turbulence  and  smooth  model 
surfaces.  The  computer  program, in its  present  form,  does  not  account  for 
surface  roughness nor the  intensity  of  freestream  turbulence.  Consequently, 
a few  of  the  comparative  oases,  where  these  conditions  were  not  rigidly  oon- 
trolled,  fall  beyond  the ?lo percent  band. 

(0) Laminar  Stall. - Figures  V-I 5 through  V-17  show  the  results  of a 
oorrelation  study  performed  to  determine  the  validity of the  laminar  stall 
criteria as programmed.  Three  NACA  airfoils  were  used  to  conduct  the  corre- 
lation: 63009, 631012  and 64~010, References  V-18, V-19 and V-20, respective- Is. 

The lamim stall  point  is  highly  sensitive  to  the  level  of  leading-edge 
peak  pressure  as  well  as  the  pressure  gradient  immediately  downstream. In 



many instances,  the maximum peak  pressure  location  on  experhental  airfoils 
may not  be  coincident  with  the  pressure  piok-ups  such  that  the  actual  pressure 
peak may be  lost.  For  this  reason,  as  well as the  need  for a refined  definition 
of  the  local  pressure  gradient  (i  .e.  olose  point  spacing),  the  potential-flow 
subroutine was used  to  generate  the  pressure  distributions  required  for  the 
study.  With  the  pressure  data  introduced  into  the  laminar  stall  subroutine, 
the  existenoe  of  short  bubble  or  bubble  burst  wa8  determined  through  the  use  of 
the  oriteria  of  Figure V-9. As can  be  seen  from  the  figures,  the  laminar  stall 
subroutine,  as  well as the  oriteria  contained  therein,  provides  an  exoellent 
technique  for  predicting  laminar  stall. 

(a) 'Turbulent. - Comparison  of  predicted  and  experimental  turbulent 
boundary-layer  characteristics  are  presented  in  Figures V-18 through V-20. The 
comparisons  presented  in  these  figures  reflect  the  use  of  experimental  pressure 
data  obtained  on  the  indicated  airfoils  as  correlated  against  the  Nash  turbulent 
boundary-layer  model. 

The  initial  conditions  required  for  the  starting  of  the  turbulent  boundary 
layer  calculations  were  obtained  from  the 1amina.r boundary  layer  subroutine at 
the  predicted  transition  point.  Early  correlations  indicated  the  calculations 
to be  relatively  insensitive  to  the  initial  value  of  form  faotor,  as  long 88 the 
value  for  momentum  thiokness  is  needed  in  that an error  in  the  initial value 
results  in  considerable  magnification  of  the  initial  error  in  the  downstream 
calculations.  Furthermore,  relatively  small  errors  in  the  initial  momentum 
thickness  can  effect to a significant  extent  the  predicted  point  of  separation 
on  the  airfoil,  where  such  exists. 

The  flow  conditions,  Mach  number,  total  pressure,  and  total  temperature 
required  as  input  were  not  specified  in  the  test  data.  Therefore,  where 
necessary,  logical  assumptions  were  made  in  estimating  these  conditions. 

Figure V-21 summarizes  both  laminar  and  turbulent  boundary  layer  oorre- 
lations,  based on several  airfoils.  For  those  cases  where  the  flow  remained 
attached,  use of experimental  pressure  distribution  in  predicting  the  boundary 
layer  quantities,  resulted  in  the  majority  of  the  parameters  calculated  falling 
within 1% of  the  experimental  results.  While  the  prediction  of  the  boundary- 
layer  characteristios  under  the  influence  of  extensive  separated  flow  conditions 
is  not an objective  of  the  present  study,  it  will  constitute a future  pre- 
requisite  to a refined Cl,, prediction.  For  the  present  purposes,  however,  it 
is  conoluded  that  the  turbulent  boundary-layer  model  is  capable  of  predicting 
turbulent  separation  accurately  under  the  conditions that such  separation 
occurs  within  the  last 5 percent of the  airfoil  chord. 

For  validating  Goradia's  approximate  or  desensitized  turbulent  boundary- 
layer  model,  discussed  in  Seotion V, oomparisons  were  made  between  results 
from  this  math  model  to that of  the  more  acourate  Nash  model.  Such  comparisons 
performed on the  program  sub-routine,  utilized  the  same  initial  conditions  and 
several  representative  pressure  distributions.  Results  from  this  oomparieon, 
given  in  Figure V-22 and V-23, show  that  both  momentum  thickness (e) and  form 
faotor (H) are  represented  to good aocuracy by the  approximate  model in both 
favorable and adverse  gradients. The significant and oharaoterietic  feature 
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of  the  approximate  model  is  shown  in  those  regions  where  the  more  aoourate  model 
oan e;o to  either  negative  values  of 8 (highly  favorable  gradient) or unrealisti- 
o a l l y  large values  of 0 following  turbulent  separation. In swh regions,  the 
approximete  model oan neither  separate  nor go to  negative  vslnes but  does 
establish  realistio  trends in the  indioated boundary layer paremeters. Thus, 
the  approximate  turbulent  model  offers an ideal  means of oalculating boundary- 
layer parameters in the  initial  stages  of  the  iteration prmess where  the ex- 
tremes on pressure  gradient  are normally enoauntered. 
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r = shear  stress, 

5, = curvilinear  coordinates 
Transition: 

k = second  shape  factor t - O* ue 
a s  

i; 

Shins 

Re s* =I Reynold's  number  based  on  displacement  thickness = ue8* 
W 

'e e = Reynold's  number  based  on  momentum  thickness = 
V 

a a* = Wave  length  displacement  thickness  paxameter 

r7 = dimensionless  distance  normal  to  airfoil  surface = (T) 6 

Vm = mean  kinematic  viscosity = 

Laminar Stall: 

a, b, c, d = free  constants  appearing in Equation (V-2) 

C = airfoil  chord 

K = second  shape  factor = 7 - e2 d Ue 
as 

S = distance  along  airfoil  surface 

ue = velocity  at  the  edge of boundary  lager 

Z 

fl(K), fz(K) defined by Equation (V-6) 

TO = wall  shear  stress n 

A = first  shape  factor e: 7 - 6L d u, 
as 



Ordinsry  Turbulent  Boundary  Layer: 

c7r = dimensionless  turbulent  production  integral 
00 

W 

H, = incompressible  form  factor = 
0 e 

m 

J 
H - " a..** e 
x, Y = orthogonal  coordinates, x being  measured along the  surface  and 

a** = kinetic  energy  thickness 

y normal  to  the  surface. 
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n = dimensionless  pressure  gradient = 
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a = speed  of  sound,  ft  ./sec. 
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cf = local  skin  friction  coefficient,  cf = 
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cP = constant  pressure  specific  heat 

cv = constant  value  specific  heat 
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Pr = Prandtl  number, Pr = - P C P  

= local Mach number  at  the  outer  edge  of  boundary  layer 
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= surface temperature OR 

n longitudinal  velocity  component 
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= mass density 

= overall  boundary  layer  thickness 

P boundary  layer  displacement  thickness 
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FIGURE V-1 
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FIGURE V-2 
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FIGURE V-4; 
QUALITATIVE  COMPARISON OF 'BOUNDARY LAYER PARAMETIBS 
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FIGURE VJj 
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FIGURE V-6 
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FIGURE V-10 - BOIIIXOARY-LAYER STABII;rTP/S~ARATION 
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FIGURE V-13-LAMINA.R BOUNDARY LAYER  CORRELATION 
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FIGURE v-14.- TRANSITION CORRELATION 
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FIGURE V-15 
COMPARISON OF PREDICTED AND EXFERIMENTAL IEADING-EDGE S T U  
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FIGURE V-16 +LIFT-CURVE FOR NACA 63, - 012 SECTION 
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FIGUFtE V-22 - COMPARISOPJ OF T0RBUI;ENT BOUNDARY LAYER 
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VI - EQUIVALENT AIRFOIL (SINGIX ELEHENT) 

Airfoil  Representation. - The  boundary layer is  assumed  to  have  two  basic 
effects  on  the  pressure  distribution  obtained  on a single-component  airfoil. 
The  major  effect  is  depicted in Figure VI-l(g) . Thie effect  is  treated as a 
modification of the  camber  line and represents 811 effective  decrease  in  the 
angle-of-attack.  The  change in camber  is  found  by  using  the  upper  and  lower 
surface  displacement  thicknesses  and  halving  the sum as shown. Sinoe  the 
potential  flow  computation  is  very  sensitive  to  surface  fluctuations,  the  en- 
tire  displacement  thickness array for any given  component  is  smoothed  three 
times. A standard  least  squares  smoothing  teohnique  is  applied  in  such a 
manner  as  to  keep ~*T.E. fixed.  The  primary  consequence  of  this  modification 
is  to  reduce  the  airfoil  loading. 

The  pressure  distribution  still  tends  to a stagnation  condition at the 
trailing  edge  which  artificially  over-thickens  the  boundary  layer  in that 
region. In the  actual  case,  the  thickness  effects  due  to  the  existenoe of the 
boundary  layer  tend  to  relieve  the  stagnation  condition in the  trailing-edge 
region.  This  effeot  is  somewhat  less  pronounced  than  the  effective  camber 
shift.  Hence,  it is assumed  that  this  effect  can  be  computed  by  linear  super- 
position as illustrated  in  Figure VI-l(b). First  the  actual  airfoil  is un- 
cambered  to  produce a symmetrical  case  for . The  displacement  thick- 
ness  from  the  boundary  layer  is  added  symmetrically  to  yield a 
This  computation  is  accomplished  by  decreasing  the  wake  thickness  exponential- 
ly behind  the  airfoil  to a sharp  trailing  edge. Now, 

V & T  

(s )BT+BL 

which  gives an approximation  to  the  thickness  relief  effect and is  added  to 
the  camber  modification  solution.  This  modified  pressure  distribution  is  then 
used  to  compute a new  boundary  layer. 

The  iteration  procedure  is  basically  to  compute a local  Mach  number  dis- 
tribution  over  the  airfoil  and a boundary  layer  based  on  this  distribution. 
The  computed  boundary  layer  is  then  used  to  modify  the  effective  airfoil  geom- 
etry  based  on  the  displacement  thickness  and  the  procedure  is  repeated  until 
the n o m 1  force  coefficient  stops  changing  more  than some predetermined  amount. 
If this  procedure  is  followed  exactly,  the  solution  will  converge  with  some  ten- 
dency  to  over-correct  the  solution  on  each  iteration.  Therefore,  the  effective 
airfoil  is  found by using  two-thirds  of  the  current  solution  and  one-third  of 
the  previous  solution. 

It is found  through  use  of  the program that  by  retaining  the  trailing-edge 
pressure  as  computed  by  the  potential-flow  solution  fluctuations  can  be  intro- 
duced  into  the  iterative  process  through  the  influence  of  local  Mach  gradients 
on boundary  layer  build-up.  Additionally, highly localized  but  rapid  changes 
in  Mach  gradient  can  create  undesirable nkinksw in the  equivalent  airfoil  camber 
line. To avoid  these  possible  difficulties,  are  extrapolation and smoothing 



In the  Mach  number  extrapolation  process,  the  last  two  computed  Mach  numberu 
on the  trailing-edge  upper  surface  are  discarded and a least-squares, linea 
curve  fit  is  applied  to  the  five  points  immediately  upstream.  The  linear  fit is 
then  moved so as  to  provide a quantitative  match  at  the  most f o r w d  point  (i.e. 
the  seventh  computed  Mach  number  upstream  of  the  trailing  edge).  The  extrapola- 
tion  of  the  linear  fit to the  trailing-edge  provides  the  upper  surface  trailing- 
edge Mach  number. On the  lower  surface  trailing-edge,  the  last  three  computed 
Mach  numbers  are  deleted and the  last  point  replaced  by  the  extrapolated  upper- 
surface  value. A second-order  Mach  number  variation  is  then  applied  between  the 
trailing-edge  Mach  number  and  the  fourth  and  fifth  computed  points  upstream  of 
the  trailingiedge.  These  modified  values of local  Mach  number  are  used only in 
the  calculation of the  local.  boundary  layer  characteristics.  The  actugl  com- 
puted  values  are  printed  out  in  the  pressure  coefficient  listing. 

In addition  to  the  trailingr-edge  Mach  number,  the  values  of  trailing-edge 
6" on  both  upper  and  lower  surfaces  are  obtained  similarly  by  the  extrapolation 
of a least-squares  linear  fit  over  the  last  seven  computed  points. 

'Finally, to  assure a hi@y stable  convergence  to  the  final  viscous soh- 
tion,  the  function, 6* vs. 8ij, is  smoothed  three  times  by a least-squares  pro- 
cess  to  remove  local  discontinuities in the  equivalent  camber  line.  This 
smoothing  process  is  applied to both  upper and lower  surfaces. 

In utilizing  the  iterative  technique  to  obtain a viscous  solution,  the 
initial  boundary  layer  calculation is performed on the  basis  of  the  potential- 
flow  pressures.  Generally  speaking, in successive  iterations,  the  equivalent 
airfoil  loading, and thus  local  pressure  gradients, are m u a l l y  reduced  as 
the  upper-surface  boundary  layer  tends to uncamber  the  "original"  airfoil. In 
cases  where  the  viscous  solution  tends to exhibit  marginally-critical  pressure 
gradients,  program  shutdown  can  be  encountered  in  the  first  iteration  as a re- 
sult of the  more  adverse  pressure  gradients  exhibited in the  potential  distri- 
bution. This effect  constitutes  more o f  a problem  area to the  multiple  airfoil 
calculations  than  in  the  single-element  case  since bi@y adverse  gradients  can 
exist  with  the  former,  even  at  low  angles-of-attack. To circumvent  program 
shutdown  during  the  iteration  process,  the  modified  boundary  layer  model  is  used 
throughout.  Thus,  as  the  final  viscous  solution is approached,  the  extreme 
gradients  characterizing  the  potential-flow  solution  are  relieved  by  the  uncem- 
bering  effect of the  equivalent  airfoil.  During  the  third,  fourth and fifth 
iterations,  the  boundary  layer  characteristics  as  defined  by  the  accurate  Nash 
turbulent  boundary-layer  model  are  also  calculated and printed. T h i s  is  done  to 
afford a quantitative  parameter  comparison  for  the  two  models  and  to  properly 
identify  possible  separation  points  by  the  more  refined  model in the  last  few 
iterations.  Incorporating  both  boundary  layer  models  within  the  program  adds 
sieficantly to  the  flexibility of the  iterative  scheme.  With  only a slight 
propam modification  the  iteration  can  be  continued on the  basis  of  the  more 
accurate  Nash  model only or  this  model  can  be  brought  into  the  equivalent air- 
foil  calculation6  at an earlier  stage. For the  correlations  considered  herein, 
however,  such  refinements  did  not  appear  to  significantly  alter  the  final viscous 
solution. 
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Correlation. - Three  single-element  airfoils  were  chosen  as  representa- 
tive  for  correlation  purposes  for  this  report.  All  of  these  airfoils  have 
experimental  results  which  are  readily  available in the  literature.  The  NACA 
63-009 is a typical,  synrmetrical-cusped  thiclmess  distribution.  The  correla- 
tion  of  pressure  distribution  and  boundary  layer  parameters is shown in Figures 
VI-3 and VI-4, respectively.  Force and moment  comparisons  for  the  NACA 63-09 
airfoil  are  ,given in Figure VI-5. 

The  theoretical.  results  were  obtained  by  viscous  iteration  in  the  com- 
puter  at  the  same  angle-of-attack as the  experimental  data  rather  than  the 
same  Cp  as  is  the  common  practice.  The  reason for this  approach  is  that  pro- 
gram results  would  normally  be  used  to  predict  variations  w+th  angle-of-attack. 
Constant  C1  is  commonly  used  due  to  the  difficulty  in  evaluating  the  true  aero- 
dynamic  angle-of-attack  of  the  airfoil  under  test  conditions  which may be 
peculiar  to  the  test  facility.  For  instance,  the  C1, - curve  of  Figure VI-5 
would  compare  even  more  favorably  if  the  experimental  data  were  taken  from 
Reference VI-1. In this  case,  the  experimental  results  were  taken  from  Ref- 
erence VI-2 since  the  pressure  and  boundary  layer  data  are  from  the  same  ref- 
erence. 

The  second and third  airfoils,  NACA 23012 and  NACA 64A010, were  chosen  for 
correlation  examples  since  these  are  the  basic  airfoils  used in deriving  the 
multiple-component  cases.  Data  similar  to  those  presented for the 63-009 air- 
foil  are  provided  in  Figures VI-6 through VI-8 for the  NACA 23072. Figures 
VI-9 and VI-10 compare  pressure  distributions  and  force  data,  respectively, 
for  the  NACA 64A010 airfoil. A source of experimental  boundary lwer param- 
eters  is  lacking  in  the  Latter  case. 

In all  three  cases,  the  moment  coefficient  is  presented  as  Cm  about  the 
nose  of  the  airfoil  since  this  is  the  manner  it  is  computed  for  the  individual 
components in the  basic  prog-ram.  Thus, an airfoil  with  zero  moment  about  the 
quarter  chord  would  generate a straight  line  with a (dCJdC1)  of 0.25 on these 
plots. 

In all  of  these  correlation  cases,  the  number  of  iterations  used  in  the 
program  varied  from  four  to six, with  the  lower  number  corresponding  to  the 
lower a -ranges.  These  three  correlation  caaes  indicate  that, in the  case  of 
the  single-element  airfoil,  the  computer  program  output  provides  reasonable 
agreement  with  experiment in terms  of  pressure  distribution,  force  character- 
istics  and  boundary-layer  parameters.  Additional  correlation  should  be  per- 
formed  to  more  clearly  establish  any  significant  trends  in  the  slight  differ- 
ences  between  experiment  and  calculations,  particularly  on  the  pitching  moment 
which  appears  to  be  the  more  sensitive  parameter. 



VI - SyMB0I.E 

Airfoil  chord 

Section  lift  coeffioient 

Section  moment  coefficient  about  the nose of the  airfoil 

- c I  
d a  

Boundary  layer  form  factor, 

Iteration  number 

Local Mach number  at  the  trailing  edge 

Local  Mach  number  at  the  trailing  edge from basic  potential  flow 
solution 

Distance  along  surface 

Velocity at edge  of  boundary  layer 
Inorement  due to boundary  layer  thickness 
Local  velocity  ratio 

Boundary  layer  displacement  thickness 

Boundaq layer momentum  thickness 

Density 

Wall shea stress 

Subscripts : 

BL Boundarg layer 

BT Basic  thickness 

BL + BT Boundazy  layer  plus  basic  thickness 
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FIGURE VI-4 -COMPARISON OF LIFT AND MOMENT 
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FIGURE VI-5-COMPARISON OF PREDICTED BND 
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VI1 - SLOT-FLOW 

As used herein,  the  airfoil  slot  is  defined 88 that  region  which  is  formed 
between  two  adjacent  components  of  the  airfoil.  Some  of  the  more  conventional 
arrangements  of  slots,  utilized  primarily for high-lift  generation, m e  typi- 
fied in Figure VII-1. It is well  recognized  that  the usual function  of  the 
slot is that  of a boundaqy-layer  control  device  permitting  highly  adverse 
upper  surface  pressure  gradients  to  be  sustained  without  incurring  severe  sep- 
aration.  This  stabilizing  influence  results  from  the  injection  of  the  high- 
enerQy  slot-flow  into  the  upper-surface  bound-  layer. 

The  benefits  of  slotting in high-lift  generation  has  long  been  recognized 
and,  more  recently,  slotted  airfoils  have  become  of  interest in transonic air- 
foil  design  work.  It  was  in  this  latter  application,  where  fairly long, narrow 
slots  were  typical  (see  Figure VII-1, (h)), that  the  Lockheed-Georgia Company 
recognized  the  need  for an accurate  slot-flow  analysis  technique  to  represent 
the  high  frictional  and  body  curvature  effects  influencing  the  pressures in 
the  slot  region. In the  initial  planning  for  the  multiple-airfoil  program,  it 
was  felt  that,  while  slot  geometries  normally  encountered in low-speed,  high- 
lift  applications  would  be  less  critical  to a need  for a detailed  slot-flow 
representation,  this  capabil-ity  would  add  significant  flexibility  for program 
correlation and would  be  highly  desirable  from an applications  standpoint.  For 
this  reason,  the  slot-flow  model as derived  herein is programmed  as a part  of 
the  present  computer  calculations.  It  will  be  shown,  however, that with  the 
relatively  short  slots  characterizing  the  airfoils  used in the  present  corre- 
lations,  (Figures VII-1 (b)-(d) are  typical)  slot  pressures  are  governed  pri- 
marily by the  potential  pressures  (modified  somewhat by viscous  effects)  and 
that  these  pressures  are  further  modified only slightly by the  introduction  of 
the  detailed  slot-flow  analysis.  It  is  therefore  suggested  that in such  normal 
applications,  the  slot-flow  analysis  be  bypassed in the  calculation  se  uence 
except  where  warranted  by  the  more  unique  slot  configurations  such  as  Th) in 
Figure  VII-1. 

In  the  present  computer  program,  the  slot-flow  exit  conditAons  partially 
form  the  initial  conditions  for  the  calculation  of  the  upper  surface  confluent 
boundary  layer. In the  marching-type  calculation  procedure  utilized,  it  be- 
comes  highly  important  that  these  initial  conditions  are  accurately  established. 
Inasmuch as  the  slot-flow  evaluation  is a function  of  gap-height  distribution 
and slot-inlet Mach number,  accurate  exit  conditions  are  contingent  upon an 
equally-accurate  evaluation of the  true  aerodynamic  entry  conditions.  There- 
fore,  to  provide a valid  representation  of  the  function of the  slot,  the  com- 
puterized  problem  resolves  into: 

O An accurate  definition  of  the  slot  geometry in tern of  position  and 
local  slot  contours. 

O A generalized  mathematical  model  for  flow in the  slot  region,  exit 
velocities  and  boundary-layer  parameters. 



O A method  of general  applicability for establishing the entry  point and 
entry  conditions. 

Geometric  Limitations. - Configurations (a) throu& (a), shown in Figure 
VII-1, all  employ  slots  characterized by a smooth, continurn area distribu- 
tion  from  the  entry to the exit.  Maintrrining  this feature is usually a basic 
design  goal in most  slot  leyouts.  However, in msqg practical  applications  of 
slotted  flaps,  (configuration  (e) in Figure VII-1) the  cove area does not 
neoesa-ily conform to a smooth  contour  due t o  considerations  of  objectionable 
structural or system  oomplexities.  Slots  with  abrupt  changes in contour can 
create  localized "comer flow"  or  "standing eddy flow patterna  which are not 
readily  amenable to a theoretical  representation.  Therefore, for the present, 
the  mathematical  model  of the  flow within the slot  area  is assumed to be con- 
fined only to those  cases  exhibiting  smooth  continuous  area  distributions. 
For slots  exhibiting  discontinuities  in  profile, a simple  smoothing  process 
would appear  adequate  for a reasonable  representation  of  the  airfoil oharac- 
teristics.  Additional  correlative  work  needs to be performed to establish  the 
details and limits  of  such  techniques,  however. 

Slot  Geometry. - The procedures for computing  the "slot areag1  is presented 
in the  following  discussion.  The  geometry  of  the  slot  is  depicted in Figure 
VII-2. Beginning at  the  point (Xq, Zq) on the  fore-component,  the  slope and 
therefore  the  normal, may be found as 

z = z, - (g), (X - X1) (VI" 

The  normal  will  stgike  the  line  representing  the  aft-component  surface  between 
the kth and (k + 1) points  at (X2, Z,). x, 

(VII-2) 

where 
Z2 = ZK + mK(X2 - XK) 

m =  
'K+1  -'K 

The  point (X*, Z*) can  now be found by projecting a  nonasl to the  chordline  of 
the  aft-component from (X2, 22). 

X, 
(Z2 - Z ) +-+ XTE mA L 

TE m A  



X* can  then  be used to  find the(x/c) of X* on the  aft-component.  Thib (x/c)- 
value  is  converted  to a 0 by: 

which  can  be  used as an interpolant  to  find (XA, 2;). This  latter  point  is 
assumed  to  be  the  same  as (Xs, Z,) and  the  slot  area  (gap)  is  found  8s: 

g = d T  (X, -x;) + (Z, (VII-5) 
In the  actual  calculation  procedure  as  utilized in the  computer progrm, 

the  initial  calculation  is  performed at the  slot  exit  and  the  gap  or  slot 
height  determined.  Subsequent  calculations  are  performed  moving  upstream 
through  the  slot.  The  calculation  is  terminated,  and  the slot entrance  thus 
defined,  when  the  normal  from  the  fore-component  surface  strikes  the  most  for- 
ward  point  on  the  aft-component  (see  Figure VII- 2). 

This  procedure  implies  that  for a defineable  slot  to  exist, a prerequi- 
site  is  that  the  nose  of  the  aft-element  must  lie  on  or  forward of the n o m 1  
from  the  lower  trailing-edge  surface. To provide a reasonable  number  of  control 
points within the  slot-area  for  which  slot-flow  calculations  can  be  made, an 
additional  constraint  is  imposed  for  program  useage.  The  normals  from  the  for- 
ward  component  to  the  flap  surface  must  number  at  least  five  and  the  base  of 
these  normals  must  encompass a longitudinal  distance  of  at  least  one  percent  of 
the  fore-component  chord  (i  .e.  flap  over  lap must be  at  least  one  percent  chord). 
There  are  obvious  cases  of  slotting, in a strict  sense,  that  do  not  meet  this 
requirement. An example  would  be an external  airfoil  flap  such  as  shown  in 
Rigure VII-1 (f) . In these  cases,  the  slot is of  such  short  length  that  pressures 
in the  slot  region and therefore  the  boundary-layer,  are  governed  primarily  by 
the  potential  flow  characteristics.  Therefore,  the  foregoing  definition  of  the 
slot  region has been  formulated  to  emphasize  those  slotted  configurations  for 
which  the  slot  friction  and  curvature  effects  become  of  considerable  signifi- 
cance  to  the  pressure  distribution  prediction. 

Basic  Equations. - Figure VII-3 shows an enlarged view of a typical  slot 
design and includes  the  parameter  nomenclature  used  in  the  slot-flow  analysis. 
Also  included  are mica1 pressure  variations along the  contours  comprising 
the  slot  boundaries.  The known parameters  axe  assumed  to  be  the  local  pres- 
sures  at  points (A) and (B), the  inlet  gap  (hinlet)  and  the  downstream  area 
(or gap) distribution. 

The primam parameters  which  most  influence  the  boundmy-layer  develop- 
ment aft of  the  slot  are  (from  Figure VII-3): 

O The  velocities, Ue and Us 

o The upper  surface  (trailing-edge  of  fore-component)  displacement and 
momentum  thickness, 6 ;  -deu ,  respectively 

Tbe  slot  boundary-layer  thicknesses 6, and 6, 
L " U h  

O The  Reynolds  number  based on exit  conditions, at 
v 
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By considering  the  control  volumes shown in  cylindrical  coordinates in 
Figure VII-4, the  following  equations  of  continuity and momentum  can  be 
derived: 

a PV 
* + p v r + y r -  ae ‘ - 0  

2 ap 
ae ar avr ve2] = p v  e - P - y - 

(VII-8) 

By neglecting  the  low-order  terms (i.e.V><vetTr=O, etc.)  and  using  the  ideal 
gas relations  the  foregoing  equations  become: 

7 
€3 - 

1-2K 
K -1 
- 

K - 1  P 0 K (I + T ~ 2 )  (VII-9) 

3K + 1 M2 
a r  rK -7 - K(K - 1 l )M4] (VII-IO) 

These  partial  differential  equations,  being  difficult to resolve,  can  be  re- 
duced  to  ordinary  differential  equations if the shape of  the  velooity  profile 
Bcross  the  slot  is known. However,  experimental  data is completely  ladsing 
whereby a generalization  of  the  exit  profile  can  be  formulated.  Therefore, 
the  more  rigorous  slot-flow  model  as  represented by Equations (VII-9) and 
(VII-IO) has been  replaced by a somewhat  semi-empirical  method  for  defining  the 
pressure  distribution  throughout  the  slot  region. 

The  following  equation,  obtained  from  Reference VII-1, is  applicable  to 
onedimensional  flow  with  area  changes and friction  and  body  (curvature)  forces 
represented: 

where : 
= area  change  tern dh 

4F $f = friction  term 

xdx = body force  term 
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Combining  friction and body-force  effects  under a common  term, F, and simpli- 
f'ying gives: 1 

where I 

Also: 

and 

(1 + o.2y) - 2F 

h(x) 

Y = M  2 

d 2Y , ~ 2 = h ( l - ~ r  -7 (2Y + 0.4Y2) -* (3 - 0.2Y) 
1 [ d2h 

dX dX  dX 

(VII-12) 

d2Y 
Therefore,  with y (or M2) known at X and - dY and -2 given  from  Equations 
(VII-12) and (VII-l4), Y at (x  + Ax) can  be  determined  from  Equation (VII-13). 
The  factor F is  evaluated  through  correlation  with  experimental  data.  The  local 
Maoh  Number  distribution  through  the  slot  can  therefore  be  determined  from  the 
dven slot-height  distribution  and  the  inlet Mach numbers.  The  local C may be 
calculated  from: P 

dX dX 

This  expression  can  be  reduced at low  Mach  numbers  to: 

C 

W 

(VII-16) 

Correlation. - I n  the  present  application,  Equations (VII-12) through 
(VII-14) are  applied  along  each  of  the  surfaces  of  the  slot  boundary  with  the 
factor, F, representing  the  correlation  parameter for establishing  trends  com- 
patible  with  experimental  results.  It  would  be  anticipated that the  magnitude 
of F would vaTy with  the  particular  surface  (fore-  or  aft-slot  surface)  as  well 
as slot  location.  Experimental  slot-surface  pressures  have  been obtained from 
the  data  of  Reference6 VII-2 and VII-3. Figures VII-5 through YII-8 show the 
correlation  obtained  between  the  foregoing  method and the  teet  results  for 
various values of the  factor, F. It is seen in Figure VII-6 that  the  pressure 



distribution  along  the  slot  surface  is  relatively  insensitive to the  magnitude 
of F when the surface  considered is that  formed by the  lower surface  of  the 
forward  component . 

A greater  sensitivity to F is shown when  considering  the  upper  surface 
of  the  aft  component  (Figure VII-5). It  is  also  noted  that  the  value  of F 
providing  the  better  agreement  with  experiment  varies  with  the  surface  con- 
sidered aa well as with  slot  location. In eaoh  instance,  the  values  of  the 
paraaaeter, F, best  approximating  the  test  trends  have  been  introduoed  into  the 
computer program  slot-flow  subroutine. Sime these  values are based on one 
set  of  experimental  data, additional  data  and  further  correlation m required 
t o  validate  their  generalized  applioation. 

In the  correlation  analysis for  the faotor, F, it has  also  been  noted 
that  at  high-subsonic Mach numbers, the pressure  distribution in the slot 
region  is  very  sensitive  to  the  magnitude  of F. !his  fact  should  be  recognized 
when  applying  the  program under marginally-high  free-stream Mach conditions 
(i.e. > 0.25). 

Slot  Entry  and  Exit  Conditions. - Chaxaoteristic  pressure  variations in 
the  region  of  the  slot  are shown schematioally for both  component  surfaces in 
Figure VII-3. "pically, on the  forward  surface,  the  pressure  reaches  a  maxi- 
mum positive % level  of  about +O.4 - 4.6 (point A on the Cp vs X sketch) 
just  prior  to  establishing a highly-favorable  negative  gradient  through  the 
slot.  It  is  logical  that this  maximum  pressure  point  would  approrimstely  rep- 
resent  the  slot  entry  condition on the  forward  surface. From  consideration of 
both  calculated and experimental  results,  it  would  appear  that  the  geometric 
forward-surface  entry  point, as previously  defined,  consistently  approximates 
the  chordwise  position  of  the  desired  pressure  level. In the  correlation  of 
the slot-flow  analysis  technique,  Figures VII-5 through VII-8, comparison  with 
experimental  slot  measurements  indicated  that the calculated  entqr  pressure 
level would  provide  more  representative  slot-exit  conditions  if a slight  modi- 
fication  to  the  entry  pressure  were  made.  The  requirement for this  modifica- 
tion  reflects  the  high  sensitivity  of  the  boundary-layer  calculations in the 
slot  to  small  variations in slot  pressure  gradient  (for  example,  potential vs 
viscous  distributions).  Accordingly,  the  entry  pressure on the  forward  surface 
is  modified to: 

where CpCdc is  from  the  calculated  potential  flow  pressures. 

As previously  described,  the  entry  point on the  aft-component  surface  is 
predetermined  the  location  of  the  entry  point on the  forward  surface. As 
seen  in the  sketch  of  Figure VII-3, the  aft-surface  entry  point (B) will  lie 
in a region  of  extremely high  negative  pressure  gradient as the  flow  expands 
aruund the flap  upper surface.  Because  of  this,  the  calculated  level  of  entry 
pressure  at  B  is  very  sensitive to small  variations in slot contour (i.e. 
slight  variations in point A and thereby,  point  B) or to aft-component  rela- 
tive  positioning.  Unless  the flap  is very  carefully  positioned,  this  sensitiv- 
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ity can  cause  the  aft-surfaoe  slot  calculations to be  initiated  at a Cp-level 
that is  too  positive  with a corresponding  reduction in exit  velocity  and a 
less  than  desirable  flap  load at the leading-edge. Additional  work  is  required 
in this Etrea of the  slot-flow  calculations.  Refinements to the  definition  of 
the slot  entry  point,  particularly  on  the  aft-conrponent surfme, are  needed  to 
reduce  the  extreme  sensitivity  encountered in the  correlation analysis .  

The velocity  at  the  slot  exit  is an element  of  the  initial  conditions 
required for the confluent  boundary-layer  calculations. A simple  numerical 
average  of  the  computed  velocities  at  points E and G, Figure VII-3, is  used  to 
quantify  this  parameter. 

As will  be  noted in the multiple-airfoil  correlation  (Section ut), cases 
have  been  encountered  where the codbind boundary  layer  thicknesses  of  the main 
element  lower  surface and the flap upper  surface exceed the slot  exit  height. 
This  obviously  creates  a  difficulty in defining the confluent  boundary  layer 
initial  conditions. Where  this  situation occurs, the boundary-layer txckness 
on the main element  lower  surface  at the slot  exit is set to a  value of one- 
half  of  the slot-exit  height. The magnitude  of  the  momentum  thickness, 8 ,  is 
correspondingly  reduced by  the ratio  of the calculated  to  fixed  boundary  layer 
thickness. The presence  of  these  circumstances  within  the  calculations  is 
f l a m  by a statement in the prosam output. 



VI1 - SYMBOLS 
pressure  coefficient = (P -P- )/%PUS CP = 

F =  

b u t  = 

hin - 
P =  

K =  

M =  

ue 

V r  

s l o t  f low correlation  factor t o  take  into account f r ic t ion  
and centrifugal  forces on f lu id  in s l o t  

s l o t  height at the  exi t  

s l o t  height at the   in le t  

pressure  in  the  slot  region 

r a t i o  of specific  heats f o r  air 

local Mach  number i n  the   s lo t  

velocity a t  the  fore component@ t r a i l i ng  edge on the 
upper surf ace 

average  velocity at the  exi t  o f  s l o t  

radial component o f  velocity 

tangential component of velocity 

boundary layer  thickness at s l o t  ex i t  on lower surface of 
main component M 

boundary layer  thickness 

displacement  thickness on the upper surface o f  component M 

'Momentum thickness on the upper surface of component M 

density o f  air i n  the s l o t  

kinematic  viscosity  of air  
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FIGURE VI13 SLOT-FLOW PAlWEXXRS 
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FIGURE VII-4 CONTROL VOLUMES FOR SLOT-FLOW ANALYSIS 

IN (=YLINDRICAL COORDINATES 

(a) CONTINUITY CONTROL VOLUME 
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FIGURE VII-4. - CONCLUDED 

(b) MOMENTUM CONTROL  VOLUME 
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FIGUELE VII-8 COMPAFLISON OF EXPFBIMENTAL AND CA- 
PRESSURES I N  BFT SLOT REGION 
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VI11 - CONFLUENT B0UM)ARY LAYER 

Experimental  velocity  profiles  on  two-piece  airfoils  as  measured by 
Seebohm (VIII-1) and  Bradshaw  and  Gee  (VIII-2),  indicate  that  aft  of  the  slot, 
the  upper  surface  of  the  airfoil  exhibits  the  presence  of a confluent  boundary 
layer  as  typified in Figure VIII-1. The  confluent  boundary  layer  is  developed 
as a result  of  the  stream  through  the  slot  mixing  with  the  boundary  layer 
developed  on  the  upper  surface  of  the  forward  component. On the  upper  surface 
of  the aft component,  in  the  more  general  situation,  the  existence  of  both  the 
confluent  boundary  layer  and  the  ordinary  turbulent  boundary  layer  is  possible 
depending  upon  the  initial  conditions  at  the  slot  exit  and  the  pressure  dis- 
tribution.  The  upper  surfaces  of  single,  double  or  triple-slotted  flaps  in- 
variably  have  the  confluent  boundary  layers up  to  the  trailing  edges.  Because 
of  the  existence  of  the  confluent  boundary lqer on a major  portion  of  the 
upper  surfaces  of a multi-component  airfoil,  it  is  imperative  that a realistic 
and  accurate  means  of  caloulating  the  various  parameters  for  this  very  complex 
viscous  phenomena  be  available.  Goradia's  computational  method  for  confluent 
boundary  layers was developed  in  partial  fulfillment of the  requirement  of  the 
degree of Ph.D . 

Description  of  Model. - Figure  VIII-2  shows a sketch  of a mathematical 
model  which  was  derived  from  preliminary  experimental  data.  This  model  is 
used  as a basis  for  derivation  of  the  differential  equations  necessary  for  the 
solution  of  the  various  physical  quantities  involved. 

As seen in Figure VIII-2, the  flap  is  represented  by a flat  plate  thus 
ignoring  curvature  effects,  but  the  viscous  region  is  assumed  to  be  subjected 
to  the  external  arbitrary  pressure  distribution.  The  boundary  layer  emerging 
from  the  slot  is  assumed  to  have a constant-velocity  core,  as  indicated  in 
Figure VIII-2 at station 0. This  boundaqy  layer  mixes  with  the  second  bound- 
ary layer  developed  up  to  the  trailing  edge  of  the  fore-component. It is 
assumed  that  the  required  initial  conditions, for example SF, slot  exit 
velocity  UC(O),  velocity  at  the  trailing  edge,  Ue(o), 6sq and as2 are known. 

The  region  between  stations 0 and 1 is  defined  at  the  Initial  Region. 
The  region  between  stations 1 and 2 is  defined  as  the  Main  Region I and  be- 
tween  stations 2 and 3 as  Main  Region 11. The  region  downstream  of  station 3 
and up to  the  point  of  separation,  is  similar  to  the  ordinary  turbulent 
boundary  layer  flow. 

A typical  velocity  profile in the  Initial  Region  between  stations 0 and 1 
is  as  shown  at  station 0. The  layer  from y = 0 to y = 61 is  called  the wall 
layer. If the  velocity  in  this  layer  is  non-dimensionalized  with  respect  to 
UC and distance y is  nondimensionalized  with  respect to 61, this  non- 
dimensional  velocity  plot  looks  similax  to  the  ordinary  boundary  layer  velocity 
profile. From y = 61 to y = 62,the  velocity  is  constant  and  this  layer  is 
called  the  I'potential  core."  Due  to  differences  in  the  velocities at the  slot 
exit  and  the  fore-component  trailing-edge, and also  due  to  finite  trailing-edge 
thickness as well as trailing-edge  boundary  layer,  there  is a depression  in 

110 



the  velocity at y = 6 3 .  The  layer  from y = 6 2  to y = 63  is  defined 88 the  jet 
layer,  because  "similar  velocity  profiles"  are  obtained  when  the  velocity and 
distances  for  the  points in this  layer  are  non-dimensionalized in. a way anal- 
ogoua to  that for free-jet  flow.  The  layer  from y = 63 to y = is  defined 
as  the  wake  layer for this  same  reason. 6 4  

The  Initial  Region  terminates  at  station 1 which  forms  the  starting  point 
for calculations  for  the Main Region. A typical  velocity  profile in the  Main 
Region  between  stations 1 and 2 is shown in Figure VIII-2 at station 1. The 
velocity  Um(x) at the  edge  of wall layer (y = must  be  determined  from a 

The d e  layer  from y = 6 3  to y = 6 4  is shown to  terminate at station 2. Act- 
ually,  this  wake  layer may terminate  in  either  the  Initial  Region  between  sta- 
tion 0 and 1 or in the  Main  Region I between  station 1 and 2 depending  upon  the 
initial  conditions at station 0 and  the  pressure  distribution. 

viscous  solution in contrast  to Uc(x) which  from  potential  flow. 

At station 3, the  jet  layer  terminates  and  the  viscous  flow  becomes  qual- 
itatively  similar  to o r d i e  turbulent  boundary  layer  flow.  The  initial 
conditions at station 3, necessary  for  the  solution  of  pertinent  quantities 
downstream,  are  obtained  from  the  solution  of  the  equations  in  the  Main  Region 
up  to  station 3. 

Theoretical  Derivations. - In the  succeeding  paragraphs, a summary of the 
equations  comprising  the  theoretical  development  of  the  confluent  boundary, 
and as  utilized i n  the  multiple-airfoil  program,  is  provided. A more  detailed 
description  of  the  analytical  development  is  given in References VIII-3 and 
VIII-4. As will  be  seen in the  theoretical summary contained  herein,  the  flow 
downstream  of  the  slot  is  categorized  into  the  various  regions  and lwers 
described  earlier.  This  permits  the  transformation  of  the  boundary-layer-type 
of  partial  differential  equations  into  ordinary  differential  equations  suitable 
to  high-speed  digital  computations.  Inasmuch  as  analytical  work  on  the  con- 
fluent  boundary-layer  has  only  recently  been  emphasized, a bibliography  of 
pertinent  reference  material  is  included at the  end  of  this  section. 

(A) Relation  between  velocity in the  core  in  the  Initial  Region  and 
static pressure coefficient  for  the Flow Model,  Figure VIII-2. - In order  to 
derive  two  equations for the  twounknowns,UC(X)  and  Ue(x)  ,in  terms  of  the 
uo, *(o), Cp(x) and Ue ,the  following  assumptions  are  made: 

(0) 

O - = 0 i.e., statio  pressure  remains  constant  in y direction 

O Density  is  independent  of  pressure  but  depends  upon  temperature.  Spe- 
cifically,Po  and Pe are  based on some  mean  temperature  which  is a 
function  of  wall  temperature,  temperature of slot  stream  at  exit  and 
free  stream  temperature. 

ap 
aY 

O Bernoulli  equation,Jf+ 4 = constant,  is  assumed  to  be  valid in 
the  core  as  well  as  at  the  external  edge  of  viscous  1ayer;q  is  the 
velocity  vector. 
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(B) Derivation  of  pertinent  equations for the Wall Lqer in  the  Initial 
Reeon. - In order  to  solve  for  the unlrnowns,aq and  H1,we  require  two  equations. 
UC(X) can  be  calculated  from  Equation (VIII-2). The  following  approach  is 
taken  to  derive  the  desired  equations: 

For incompressible  flow,  the  governing  partial  differential  equations  for 
viscous  flow  with usual two-dimensional  boundary lwerassumptions are  as 
follows: 

Continuity  Equation. - 

X - Momentum  Equation. - 

(VIII-4) 

Y - Momentum  Equation  with  the  usual  boundary  layer  assumptions  for  attached 
flow can be  written as: 

" ap - o  
a Y  

Following  Truckenbrott,  we  assume  that  wall  layer  velocity  profile  form a one 
parameter family of  curves  and  can  be  represented as, 

(VIII-6) 
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Where n is dependent on the  previous upstream history and is primarily a funo- 
t ion  of pressure  gradient. 

By making use of Equation (VIII-6) in   the   def in i t ions  for 81, 8 1, 61, etc. 
the  following  relations  can  be  derived: 

* ** 

-= 6** 2n - n + 2  
6 1  (n + l)(n + 31 H 1  " n 

The N ' e r  equation,  valid at external edge AlA$3 
written as: 

dP e 
dx PeUe(x) dx 

dU 
- =  - 

i n  Figure  (VIII-I) can be 

(VIII-8) 

(VI I I -9 )  

From the  continuity  Equation (VIII-3) we have, 
Y 

V = - $ g d y  (VIII-IO) 

0 
Boundary conditions  applicable t o  the wall layer under  consideration are: 
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-+-  dB1  dUc 
dx Uc  dx - ( 2 +  H1) =- (VIII-12) 

A second  equation  is  derived  by  first  multiplying  Equation (VIII-4) by u and 
then  integrating  from Y = 0 to Y = 61. Use  is a l s o  made  of  Equations (~II-5) 
through  (VIII-10)  to  obtain  the  following  equation: 

P 

The  above  equation is the  dissipation enerm internal  equation or the form 
factor  equation  for  the  wall  layer  in  the  initial  region. 

(C) Derivation of Pertinent  Equations for  Jet  Layer (i.e.  Region  between 
6 ,  - 6 ,  in  Figure VIII-2' in  the  Initial  Region). - From  experimental  data  of 
the  velocity  profiles,it  is  found  that  velocity  profiles in the  jet lwer in 
the  Initial  Region  are  similar  for  various  pressure  distributions  as  well as 
for  different  ratios of slot  exit  to  the  initial  free  stream  velocities  if  the 
similarity  parameters and similarity  function  are  defined in the  following 
manner: 

where 
u = velocity in 62 - 63 layer at any distance Y above  wall  (see  Figure 

VIII-2) 

Uc = velocity  in  the  core 

Boundary  conditions  for  the  layer 82 - 63 are as follows: 
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Integrate  Equation(VII1-4)  from Y = 82 to Y = 63, make  use  of  Equation 
VIII-14) boundary  conditions (VIII-15) and a l s o  Equations (VIII-12) and 
(VIII-13) to  obtain  the  following  momentum  integral  equation  for  the  jet  layer, 
62 - 83,in the  initial  region: 

(VIII-16) 

In analogy  with  free  jet  flow,  the  rate of growth of  boundaries  of  jet  layer 
6 - b 3  can be  expressed  as: 

(VIII-17) 

C1 = constant  determined  experimentally ( ~ 0 . 4 )  

(D)  Derivation  of  equations  for  the  wake  layer  (i.e.  region  between 
83 - 84 in  Figure  VIII-2 in the  Initial  Region). - From  experimental  data  of 
the velocity  profiles,it  is  observed  that  velocity  profiles in the  wake  layer 
become  "similar"  if  the  similarity  variable  and  similarity  function  is  defined 
in the  following  manner: 

Y - 6 3  ue - u 
9 = - 

y1 - 63 
; fh2) = 

e w  C 

(VIII-18) 



where, (see Figure VIII-2) 

83 = distance above surface at the common boundary of je t  and wake 
layers 

u P velocity at any distance Y above w a l l  i n   t h e  w a k e  layer 

Ue = velocity at y =  64 where the flow cafl be considered  inviscid 

g q c  o distance y where u = 'e -k 'W 
2 

The "similarity curve" of f(q$ vs 72 can reasonably well be  approximated by a 
third  order least square polynomial. 

The third  order i s  chosen for  the  reason that this curve  has a point of inflec- 
tion. Thus, 

(VIII-1 9) 

where AI ,  A2, A3, and A4 are coeff ic ients   for  least square  3rd  order polyno- 
mials. 

The boundary conditions  for  the wake layer 63 - 64 are as follows: 

A t  y = b4 : f(q2) = 0 , u = u e '  T = O  , q 2 = K ,  

where K = q21 
Y'64 

Integrating  Equation (VIII-4) from Y P 8 3  to Y = 64 and making use of the  
Equations  (VIII-lo), (VIII-121, (VrII-l3), b.d (VIII-18) and also boundary 
conditions  given by (VIII-20), the  following  equation is obtained: 
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w e  - UW) TW '(6 1) 

p u2 'w 
+ Uc(Hl - 1)(3H1 - 1) - - - (Ue - Uw) el H1(3H1 - l)(H1 - 1) dUC 2 

o c  

The  above  equation  is  the  momentum  integral  equation  for  wake lwer in the 
Initial  Region. 

The  rate  of  growth of wake lwer63 - 84 is expressed in an analogous  manner 
to  the  jet layer82 - 8 3 as follows: 

-d, 'e - 'w (VIII-22) 
dx (ylc - 63) = '2 Ue + Uw 

C2 = constant  determined  empirically (50.18) 
The unknowns which  are to be  determined in the  Initial  Regions  are (1) velocity 
in the  core I UC(~), (2)  wall  layer  momentum  thickness, (3) wall  layer 
form factor, H(x), (4) outer  edge of core  layer, S2( (5) outer  edge of jet 
layer 83(,), ( 6 )  velocity  at  the  junction  of  jet  layer and wake  layer, U 
(7) outer  edge of wake  layer, 84. The  seven  equations  used  to  solve  for the 
seven unknowns are E uations  (TJIII-2), (VIII-12), (VIII-Ig), (VIII-16), (VIII- 
IT), (VIII-21), and tVIII-22). 

4 
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The  initial  conditions  required  for  the  solution  of  the  above  equations 
are  the  conditions at the  exit  of  the  slot.  Those  shown  in  Figure  VIII-2 are 
(1) boundary  layer  thickness  on  the  upper  surface  of  main  component at the 
trailing  edge, (2) momentum  thickness  on  the  upper  surface  of  the  main  compo- 
nent at the  trailing  edge, (3) boundary  layer  thickness ss, on  the  under- 
surface  of  the  main  component at trailing  edge, (4) momentum  thickness  on  the 
under-surface  at  the  trailing  edge, &I, (5) velocity at the  trailing  edge, 
Ue(o), ( 6 )  slot  velocity at the  exit UC(~), (7) boundary  layer  momentum  thick- 
ness  on  the  flap  upper  surface at slot  exit, &,, (8) boundary layer thickness 
on  the  flap  upper  surface  at  slot  exit, ssp. - 

(E) Derivation of pertinent  equations  in  Main  Region 1 between  Stations 
1 and 2 ,  (Referring  to  Figure  VIII-2,  the k i n  Region  is  defined  as  extending 
from  ’station 1 to  station 3) .  - Solution  of  the  equations  derived  in  the  pre- 
vious  section  for  the  Initial  Region  would  yield  the  values  of HI, 81, 61 
(=62), 6 3 ,  64 and Uw at station 1 in Figure  VIII-2.  These  values  then  become 
the  initlal  conditions f o r  the  solution  of  equations  which  are  developed  in 
this  section. 

Because  of  the  existence of a potential  core,  velocity  at  the  edge  of  wall 
layer  in  the  Initial  Region  was  given by the  use  of  Bernoulli  equation  and  the 
condition of constancy  of  pressure  in  the Y direction. In the  Main  Region 
where  flow  is  viscous  from  the  wall  to  the  external  edge  of  viscous  la;yer,  the 
velocity Ujl  at  the  edge  of  wall  layer  has  to  be  determined  from a viscous 
solution. 

In the  Main  Region  between  stations 1 and 2, Main  Region I, there  are six 
unknowns, namely, 8 5 ,  H5, 51, l3w, 63, and 64. Therefore,  six  equations  are 
needed  which  have  to  be  solved  simultaneously. 

(F) Wall-Layer  (between  stations 1 and 2 in  Main  Reeon). - Assume  that 
velocity  profiles in the Main Region  can  be  represented  as  one  parameter  fam- 
ily of  profiles  defined  as  follows: 

(VIII-23) 

Making  use  of  Equation (VIII-23) in  the  definitions for 65, 85, H5, ?%I and + 
6 5, the  following  relations  can  be  derived: 
** 



N 4H 5 H =  5 3H5- 1 
- 2 

"2 H 5 - 1  
" 

"2 2 v=F 
n 6* =- 65 n 2 +  2 H =- 

5 n 2 + 1  "2 

Boundary conditions  for  the wall layer  are: 
At y = o  : u = O  v = O  , T = T  W 

(VIII-25) 

The Euler  equation,  valid at the  external  edge  of  the  viscous  layer,  is: 

1 dP- 
p dx  'edx 
"" (VIII-26) 

Integrate  Equation (VIII-4) with  respect  to y from Y = 0 to y = 6 5 ,  and  make 
use of  Equations (VIII-16), VIII-26), (VIII-24) and boundary  conditions (VIII- 
25) to  obtain  the  following  momentum  integral  for  the  wall  layer  in  the  Main 
Region  between  stations 1 and 2: 

Multiply  both  sides  of  Equation (VIII-4) by u integrate  from y = 0 to Y = 65 
and  make  use  of  Equations (VIII-IO),  (VIII-241,  (VIII-26) and  boundary  condi- 
tions (VIII-25) to  obtain  the  following  equation: 

T H 5 - 1  2 = 2 (3H5 - 1) 5 + (3H5 - 1) 

P"m 
dx e5 (VIII-28) 

Equation (VIII-28) is  the  form  factor  equation  for  wall  layer in Main  Region 
between  stations 1 and 2. 

(G) Jet  Layer 65 - 63, between  stations 1 - 2. - Experimental  data  for 
velocity  profiles in the  Xkin  Region  indicate  that  the  "similarrity  of  velocity 



profiles for jet  layer"  is  obtained  when  the similarity paremeter and similar- 
ity function  are  defined a8 follows: 

63 'Y u - u  
713 = 

m 

6 3  - 65 m 

(VIII-29) 

Applicable  boundsry  conditions for this  layer are: 

At : u = U m  I 7 1 3 = 1  I 5(7l3)=0 T = ' r  (6 5) 

At y = 6 3  : u = U  W I q 3 = o  I 5(rl3)=1 
(VIII-30) 

Integrate  Equation  (VIII-4)  with  respect  to Y from y = 65 to y = 63, make 
use of Equations (VIII-24), (VIII-IO), (VIII-26), (VIII-27) and  (VIII-28)  and 
also  the  boundaly  conditions (VIII-30) to  obtain  the  following  momentum  inte- 
gral  equation  for  the  jet  layer  in  the  Main  Region  between  stations 1 and 2: 

1 
( VIII-31 ) 

H U due 
+ 2(U - UW) (2Hz - 5H5 + l ) e 3  e 

r n  m 
(H5 - 1) 

2 

+ Um(Um - UW) 
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The rate of growth of the je t  layer 85 - 63 between s ta t ions 1 and 2 can be 
expressed as follows: 

(VIII-32) 

where C3 is an empirical constant (%os 17). 

(H) Wake Leyer 63 - 64, between s ta t ions 1 and 2. - Experimental da ta   for  
the  veloci ty   prof i les   in  Main Region for  different  pressure  distributions  in- 
dicate   that   the   veloci ty   prof i les   in   the wake layer become "similar" for   the 
following 'similarity parameters: 

Y - 63 

y2c - 63 
74 = 

where, (see  Figure VIII-2) 

u = velocity at any point y above wall i n   t h e  wake layer 

Ue = velocity at y = 84 where the f low i s  considered  inviscid 

yzC = distance y above surface where U = -k rrw 
2 

f(q4) can  be  approximated reasonably  well by the  third  order  least  square 
polynomial as follows: 

where B1, B2, B3, and B4 are coefficients of least  square polynomial. 

Applicable boundary conditions  are as follows: 
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By making use of the above boundary conditions and following  the  procedure 
previously  described, the following momentum integral  equation for the  wake 
layer i n  the Main Region between s ta t ion 2 and 3 can be derived: 

(VIII-36) 

.. 
n 

H5(H5 + 1) dU 

(H5 - 1) 

2' - rn + 4U,(U, - UW) 7 TW H; - 2(Ue - UW) 05 dx pUrn (H5 - 

U d u e  

'rn W (Hs - 
- 2(Ue - u ) - - e H5 2 

dx 65 7 (2H5 - 5H5 + ') 

7 
(6 3) 

- Um(Ue - UW) d y = - -  P 

The growth of wake layer 63 - 6 4  is expressed by the  following  equation: 

where C4 i s  the empirical  constant ( X O .  185) 

The solut ion  to   the  s ix  unknowns i s  t o  be found as a function of the 
inde  endent  variable X at discrete   points   in  Main Region I. These unknowns 
are p7) wall layer momentum thickness, 8, (2) wall layer form factor,  H, (3)  
velocity at the  junction of wall layer and je t   l ayer ,  (4) velocity at 
the  junction of jet and wake layer, UW(~), ( 5 )  outer edge of j e t   l ayer ,  6 , 

3 ( x )  
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and (6) outer  edge of wake layer 64(,) . These six unknowns are  evaluated by 
simultaneous  solution  of  the six differential  equations (VIII-ZT), (VIII-28), 
(vIII-31), (VIII-32), (VIII-36) and (VIII-37) 

The  initial  conditions  required  for  the  above  equationsare  the  values  cal- 
culated at station l by  the  solution of the  equations in the  Initial  Region. 
The  initial  conditions  at  station 1 are, (1) wall  layer  momentum  thickness, e5, 

outer  edge  of  jet  layer, 63, (5) velocity at the  junction  of  wake  layer 
wall  layer  form  factor, HS, (3) velocity  at  the  edge  of  wall  layer, UC, 

and  jet  layer, Uw, and ( 6 )  outer  edge of wzke  layer, b 4  . 
(I) Equations  in  the  Main  Region I1 between  stations 2 and 3 ,  Figure  VIII-2 

As seen in Figure  VIII-2,.  the  region  between  stations 2 and 3 differs  from 
the  previously  considered  one  in  that  the  wake  layer  does  not  exist.  Thus  the 
region  between  stations 2 and 3 consists  of (i) wall  layer  and  (ii)  jet  layer. 

The  number  of unknowns in  this  case  consists  of Q5, H5, UM and 66 which 
require  four  equations.  The  two  wall  layer  equations  namely  (i) momentm inte- 
gral  equation  and  (ii)  form  factor  or enerw integral  equation  =e  essentially 
the  sitme  as  the  wall  layer  equations for region  between  stations 1 and 2. 
These are repeated  here f o r  the  sake of continuity. 

Wall-Layer  Momentum  Integral  Equation,  Stations 2-3.- 

" V  5=2"" '5 1 "' rn "5 ' ' 'e "e I ' - . _  
H5 - 1 Urn dx 05H5 7 dx dx 2 (nI1-38) 

W 

m P"m w PUm 

Wall-Layer Form Factor  Equation,  Stations 3-5. - 

U dU 
(VrII-39) 

- e e H5(H5 - 1)(3H5 - 1) - 
Uf dx 

Jet-Layer  Momentum  Integral  Equation,  Stations  2-3. - Boundary conditions 
for  the  jet  layer  between  stations 2-3 at y = 85 are  the  same as for  jet  layer 
between  station  1-2.  At  the  other  edge y =I &,the  jet  layer  under  considera- 
tion  is  subjected  to  inviscid  flow and hence  the N e r  equation  can  be  used  to 
advantage. In a manner  similar  to  that  previously  described,the  following  momen- 
tum  integral  equation  for  the  jet  layer  can  be  developed: 
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(VlII-40) 

J 
Growth Equation f o r  J e t  Layer Between Stations 2-3. - In the same  manner 

as before,the growth equation can be written as; 

where C5 i s  an empirical  constant(w). 1 7 )  (VIII-41) 

Thus Equations (VIII-38),  (VIII-39),  (VIII-40) and (VIII-41) are four  
equations f o r  the  solutions f o r  e5, H5, % and 66 in  the  region between sta- 
tions 2 and 3 i n  Figure VIII-2. 

(J) Fa-tions i n   t h e  Main Region Downstream Of Station 3 
The viscous  flow downstream of s ta t ion  3 i n  Figure VIII-2, i s  found t o  

be quali tatively similar t o  the  ordinary  turbulent boundary layer as revealed 
by mmsured experimental  velocity  profiles  in  the  region downstream of Main 
Region 11. The theory and equations  used t o  calculate  the boundary layer quan- 
t i t i e s   i n  t h i s  region  are  those of Nash. This  theory is described  briefly  in 
Section V. The initial conditions  required  for  the start of the  calculations, 
f o r  example, momentum thickness and form factor at s ta t ion  3, are  supplied by 
Main Region I1 confluent boundary layer  solution. 



(9) Auxiliary  Equations. - The  equations  presented in the  previous 
paragraphs  contain  terms  auch  as -% .f+ e ( i ) d Y ?  q ' - 7  , etc. 

PUm PUm PUm 

As the  viscous  flow  under  consideration  is  of a turbulent  nature,  theoretical 
expressions for the  above  quantities  are  not  available  as in the  case  of 
laminar boundary layers.  Recourse  is  made to experimental  measurements  to 
obtain  empirical  expressions  for  these  parameters  as a function  of  those 
dependent  variables  which  are  calculated  for  the  problem  solution.  The  ex- 
Dressions for wall shear. wall lqyer  shear  dissipation  integral and shear  at 
the  edge  of  the wall layer  have  been  derived  from  measured  velocity  profiles 
and pressure  distributions ad,* solving  the  differential  momentum  integral 
equation  ,finite  difference  methods. !!he  least-sq-  c-e-fit expressions 
for  the  above  quantities  are  given  by  the  following: 

Wall  Shear. - 
R 

I w =  1.964 exp[l.819H + 35.68~ - 1 .365~  2 ]y -1 14.6 x ,016 

(VIII-42) 

where y = h[y] 
Wall  Layer  Shear  Dissipation  Integral. - 

dy = 1.61 6 exp[ -0.636H + 48 .55~ - 1 .82y2] (y) -158.7x 1023 

where y = In [y] (VIII-43) 

Difference  Between  Wall  Shear and Shear at the  Edge of Wall  Layer. - 
rw - 7 

Purn 

65 = 2.518 =~+0.918H + 1 7 . 2 1 ~  - 0.743y2](y)  -45.79 2 

Non-dimensional  velocity  profile for the  wake  layer in the  Initial  Region  is 
as follows: 



f(72) = 1 -032 - 0.41 6(1@ - 0.1 95(q2) + 0.1 2(qd3 - 0.01 5(q2) 
2 4 

The  non-dimensional  velocity  profile for the  jet  layer in the  Main  Region  from 
the  least-square polynomial fit  is: 

f(‘13) = -002 - 0.164 (‘13) - 1 . 967(q3) + 1 .338(~,)~ - 0. 209(q3) 
2 4 

The  non-dimensional  velocity  profile  for  the  wake  layer  in  the  Main  Region  is 
expressed  as : 

f(T4) = 1 .0194 - 0 .4506(T4) - 0 . 2 0 2 9 ( ~ ~ )  2 + 0 . 1 5 4 3 ( ~ ~ ) ~  - 0. 024(q4) 4 

The  definitions for the  above  functionshavebeen  given  in  the  nomenclature 
list. 

From  experimental  evidence, a one-parameter  family of velocity  profiles 
has  been  found  to  exist  for  the  wall  layer  in  the  Initial  and  Main  Regions 
similar  to  that  characterizing an ordinary  turbulent  boundarv-layer.  EIowever, 
the  relation  between  parameters  such  as H = &*/e and H = 6**/8 for  the wall 
layers in the  Initial  and  Main  Regions,has  been  found to dir̂ fer  from  the o r d i -  
nary  turbulent  boundasg  layer  flow.  The  corresponding  relations  are  given by 
the  following  equations: 

h) 

For  Initial  and  Main  Regions. - 

Hz4 .411  -7 - 23.9 + 33.1 1 
H fi2 

and  for  the  Ordinary  Turbulent  Boundary  Layer  region: 

H = 16.133 - ~y - 56.91 -t 54.54 
H i i 2  

(VIII-45) 

(VIII-46) 

Correlation  (Confluent  Boundary Layer), - The  various  sets  of  differential 
equations  for  each  region  (i.e.  Initial  Region,  Main  Region I, etc.)  derived 
in  the  previous  sections  were  first  reduced  in  the  form  of  sets  of  difference 
equations  which  are  amenable to simultaneous  solutions  for  the  physical  quan- 
tities  in  each lwer (e.g.  wall  layer,  wake  layer,  etc).  Thus,  for  example, 
referring  to  the  Main  Region I, the  solution  for  the unknown variables 8, UM, 
63, H and 6 is  obtained  through  the  simultaneous  solution of the s i x  Equations 
(VrII-27), tVlII-28), (Vr11-31), (VIII-32), (VrII-36) and  (VrII-37).  The un- 
known parameters  in  the  above  equations,  such asTwv, T6 ,etc. may be  substituted 

from  the  auxiliary  Equations, (n1I-u) through (VIII-46). These  set of equa- 
tions  were  programmed  on  the RAX version  of  an IB”360 computer and also as a 
confluent  boundary  layer  subroutine  on  the  UNIVAC 1108. The  numerical  method 

5 
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used  for  the  solution  is a modified,  one-step  Euler  method  with a repeated 
iteration  solution. 

The  input  to  the  subroutine  version  of  the  confluent  boundary  layer  pro- 
gram is  the six boundary  layer  quantities at the  slot  exit,  as  shown in Fig- 
m e  VIII-2, and the  velocity  ratio, Uc(o)/Ue(o). The  pressure  distribution  at 
the  edge  of  the  viscous  layer  is  also a necessaq input  uantity.  The  program 
computes  the  following  parameters  of  primary  interest. Ti) The  X-location  for 
the  beginning  and  end  of  each  region,  (ii)  local  skin  friction,  (iii)  veloci- 
ties UM and UW at  the  junction  of  layers,as  well 518 the  thickness  of  each 
layer,  and  (iv)  "equivalent  displacement  thicknessg1  to  be  added  to  the  air- 
foil  geometry  for  the  viscous  solution. 

Figures VIII-3AY VIII-3B a% VIII-3C  show  the  comparison  of  experimental 
and  predicted  values  of U1.f , H, H, a*, 6 81 , a 2. The  experimental  data 

shown  in  Figures VIII+A, 3B, and  3C  have  been  obtained  from  the  wall-jet  test 
facility at Lockheed4eorgia  Company.  In  the  above  figures,  the  comparison 
is  shown  for  Main  Region 11. The  initial  velocity  ratio at the  slot  exit. 

Ue 

~ 

!hfd. was  approximately  equal  to 1.6 and  the  pressure  distribution  was  adverse. 
Ue(4 
Figures  VIII-4A  through  VIII-qC  show a comparison of the  calculated  and  ex- 
perimental  data in the  initial  region. In this  case  also,  the  experimental 
data  have  been  obtained  from  the  previously-mentioned  source.  The  initial 
velocity  ratio at the  slot  exit  was  approximately  equal'  to 1.12 and  the 
pressure  distribution  was  highly  adverse. 

It can  be  seen  from  the  foregoing  correlated  cases,  that  the  comparisons 
of  the  computed  values  are  in  satisfactory  agreement  with  the  experimentally- 
measured  parameters.  Thus,  the  agreement  appears  to  validate  both  the  theo- 
retical  model  as  well  as  the  numerical  techniques  utilized  for  the  solution 
of the  differential  equations  involved. It should  be  noted,  however,  that 
the  mathematical  model has been  developed  from a relatively  small  quantity  of 
experimental  boundary  layer  data  representing a specific  configuration.  These 
data  and  the  resulting  model, may not  represent  entirely  all  the  conditions 
which  prevail on two-to-four-piece  airfoils. 

Therefore,  while  the  present  computational  methods  appear  adequate  for 
the  present  program  objectives,  additioaal  test  data  and a more comprehensive 
mathematical  model  representing  the  confluent  boundary-layer  should  be  con- 
sidered.  Of  primary  concern  is  the  effect  of  the  multi-vaned  flap  configura- 
tion  on  separation,  reattachment and Cl,, prediction. 



VI11 - SYMBOIS 
(See  also  Figure VIII-2) 

P - P  
CP = Pressure  coefficient = 

OD 

1 " 2' 7 p, urn 

&? = Constant  pressure  specific  heat 

Cpg P Pressure  coefficient at station 0 in  Figure  VIII-2 

u - I t  

g = Earth's  gravitational  constant 

H1 

H5 

= Wall  layer  form  factor  in  the  Initial  Region = - 
= Wall layer form factor  in  the  Main  Region  between  station 2 and 5 in 

6 i  

Figure  VIII-2 = 65 - 
H7 = Form  factor  downstream  of  station 5 in  Figure  VIII-2 = 6 5  

07 

=1 
N 6** 
" 

- 
N 

H5 - 05 

H7 
87 

6** - - 
Y 6** = -  

K1 = Value of 172  at y =64  

K2 = Value  of '74 at y = 64 

n = Ekponent  in  the  wall  layer  velocity  profile  assumption 

P = Wall  static  pressure 
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a Free  stream  static  pressure 

Wall static  pressure  at  station 0 

E Constant in the  equation "f= T - T m  1 -(%j1'" 
a m 

W 
Prandtl  number 

= Turbulent  heat  transfer  at any point in the  viscous  layer E pg e m' 
= q at y = A1 in Initial  Region 

P 

= q at Y - A 5 in Main  Region 

= Temperature  at a distance Y above  the  wall  in  the  viscous  layer 

= Adiabatic  wall  temperature,  function  of x 

= Temperature in the  core  of  the  Initial  Region 

= temperature  at  the  edge  of a viscous  layer 

= Temperature at the  edge of wall  layer y = 85 in  the  Main  Region 

= Temperature of the  air at the  exit of slot 

= Wall  temperature 

= Temperature  of  free  srtream 

= T - IC in the  Initial  Region 

= Taw - TC in the  Initial  Region 
u a X component of velocity in the  viscous  layer 



UC = Velocity in   t he   co re   i n   t he   In i t i a l  Region 

ue = Velocity at the edge of viscous  layer 

Ue( 0) 
= Velocity at the edge of viscous  layer at s ta t ion  0 

UO = In i t ia l   ve loc i ty  at s ta t ion  0 through the   s lo t  

= Velocity at the  junction of j e t  and wake lwer 
v = Y component of ve loc i ty   in  t h e  viscous layer 

Y1 C 
= Distance  y above wall in   the  wake l aye r   i n   t he   In i t i a l  Region 

where u = Ue + Uw 
2 

= Wall layer  thickness  in  the  Init ial  Region 

= Distance y above w a l l  at the  junction of potential  core and j e t  62 

63 = Distance above wall at the  junction of j e t   l ayer  and wake l aye r   i n  

64 

l aye r   i n   t he   In i t i a l  Region 

t h e   I n i t i a l  Region 

= Distance above w a l l  where the flow can be considered as inv isc id   in  
t h e   I n i t i a l  Region 

65 = Wall layer  thickness  in  the %.in Region between s ta t ions 1 and 3 of 
Figure  VIII-2 

‘6 = Edge of viscous  layer  in  the Main Region between s ta t ions 1 and 3 of 
Figure V I I I - 2  

67 = Eage of viscous layer in   the  Main Region after s ta t ion  3 

= Wall layer displacement  thickness i n   t h e   I n i t i a l  Region = 
0 s (1 -i$Y 

6t = Wall layer displacement  thickness i n   t h e  Main Region between s ta t ions 
65 

2 and 5 i n  Figure VIII-2 
= f (I -+)dy 

0 rn 

- 



Wall layer  displacement  thickness in the  downstream of station 5 in 
6- 

Figure VIII-2 = f / ( 1  -$)dy 

0 e 

Wall  layer 
6. 

dissipation  energy  thickness in the  Initial  Region 

dissipation  energy  thickness  in  the  Main  Region  between 
6, 

stations 2 

Wall  layer 

of station 

Wall  layer 

Wall lwer 

and 5 in Figure VlII-2 = 

0 m m 

disdipation  energy  thickness in the  Main  Region  downstream 
6, 

5 in  Figure VIII-2 = 

n m m 

thermal 

thermal 

Distance y above 
where T = Te 

63 - Y  

63 - 62 
Y - 63 

Ylc - 63 

- 

energy  thickness  in  the  Initial  Region 

energy  thickness  in  the  Main  Region 

the  wall in the  outer  layer in the  Main  Region 

u 

- 63 

Wall  layer 

2 and 5 in 

I 

momentum  thickness in the  Initial  Region = 

0 
momentum  thickness  in  the Main Region  between  stations 

Figure  VIII-2 - -J f(1 - t ) d y  
0 

65 

m m 
Komentum  thickness  in  the  “ain  Region  downstream of station 5 in 

Figure VIII-2 = 

0 e e 

I 



pe 

Po = Density  based on some  characteristic  temperature in Initial  Region 

= Density at the edge of  viscous  layer 

p, 

7 =: Shear  stress at any distance Y above w a l l  

= Free stream  density 

7 = Wall  shear  stress W 

Subscripts : 

a = Free stream values 

( ) = Functional  dependence of the quantity in  the bracket 
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A W I N G  EDGE SLAT 

B MAIN COMPONENT 

c1 } DOUBLE SLOTTED FLAP 
c2 

1 = LBMINAR B.L. 

2 = "RANSITION IiEGION 

3 = ORDINARY TDRBULENT B.L. 

4 = COWLUENT BOUNDARY LAYER 



FIGURE VIII-2 
" B T I C B L  MODEL FOR COlXE'Lm BOUNDAFtY LAYE33 
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FIGURE VIII-J(b) 
COMPARISON OF EXPEBIMENTBL AND CALCULATED 
CONFLUENT BOUNDARY LAYER PARAMZCEELS 
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FIGURE VIII-~(C) 

CONELUEXT BOUNDARY LAYER PBRBMETERS 
C W A R I S O N  OF EXPERIMENTAL BND CALCULATED 
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FIGURE  VIII-4(a) 
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FIGmZE VIII-4 (b) 
COFPARISON OF MPERIMENTAL AND CALCUIATED 

CONFLUENT BOUNDARY LAYER PARAMETERS 
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Ix - SQmAIIENT AIRFOIL (IYlrrurI-COrnNENT) 

The present  section  discusses  the  manner in which the combined or viscous 
solution is obtained for the multi-element  case and, provides  comparisons  be- 
tween experimental and calculated  data. The specific  experimental  cases used 
in the correlation  have  been  selected, with approval  of the NASA, on the  basis 
of availability of both  force and pressure  measurements. In some instances, 
the best available hi&-lift data are from  systematic  NACA  tests  conducted  about 
thirty  years ago. The present  study has found  tbat  considerable  disparity can 
erist between the airfoil  performance as originally  documented and that  shown 
for comparative  purposes in later documents.  Therefore, in some cases,  several 
sets  of  data  may be cited. as  representative  of  experimental  results.  Addition- 
ally, in those casea  where  difficulty  was  experienced in defining precise  de- 
flections or positions of the components  from  the  available  documentation,  such 
instances  will be noted in the discussions. 

Airfoil  Representation. - The treatment  of the  multiple  component"equiv- 
dent" airfoil is very  similar to the  single  component  case  discussed in Section VI. The  camber and angle-of-attack  shift, due to the bound-  layer, is applied 
to each  component  of the multiple  airfoil in the same  manner as it is  applied to 
the single  airfoil  case.  The  thickness  relief  effect is neglected  since  it is 
found  to  be -11 a d  the validity of this  same  procedure in the  multiple- 
component  case is open  to  question. 

For the multi-element  airfoil the velocity  distribution near the  trailin* 
edge of  each  component is artificially  modified in the  same manner as the single 
element  case. This modification is used  to  reduce the tendency  for  fluctuations 
in the  intermediate  solutions  during  the  iterative  process and thus  improves the 
rapidity  of the convergence. The extrapolation  process  employed on the  single- 
element airfoils  (see  Section VI) for  the displacement  thiclmess (a*) parameter 
is not  used in the  case of the multi-component  airfoils. The  more  powerful 
effect of the  thick confluent  boundary  layer has a  stabilizing  influence on the 
intermediate  calculations such that the extrapolation  of 6 * at the trailing- 
edges of  each  component has little effect. The  smoothing  function on a *  is 
used,  however, for each  component in the  same  manner as noted in Section VI for 
the  single-element  airfoils. 

The convergence  criteria  used in the  multiple  airfoil  case  requires  that 
the integrated normal force on each  component does not change  during  successive 
iterations  more  than a predetermined  amount. Again, this is the  same  procedure 
used in the single-element  case. 

Correlation. - The  correlation analyses will  be  discussed in an order con- 
sistent  with the number of components  involved  beginning  with  the  two-element 
cases. The objective in these  discussion  will be to 

define  the  general  degree  of  correlation  provided  by  the  viscous  com- 
puter  program for representing  pressure Bnd force measurements. 



note where known analytical model limitations  are encountered and, 
where possible,  define  the  hfluence of such limitations. 

define  the range of operational or configurational  variables (i .e. 
angl+of-attack, component deflections) over which  progrrun results  are 
most valid t o  the aerodynamic definition of the multi-element cases. 

define  those are- where  program extensions would be of the  greatest 
value for  further improving the  correlation. 

The  two-element cases  selected fo r  correlation with the  multiple-airfoil 
program are 

1 .  The modified U C A  4418 singleslotted configuratioh of Reference IX-1. 

2. The NACA 23012 single-slotted  configuration of Reference IX-2. 

3. The NACA 23012 external  airfoil  flap configuration of Reference IX-3. 

4. An NACA 6UOlO slatted a i r f o i l  of Reference IX-5. 

Figures IX-1 and IX-2 show a comparison  between the  calculated and experi- 
mental pressure distributions on the modified NACA 4418 single-slotted airfoi l  
a t  several  flap  deflections. The experimental data is  relatively unique in 
that measurements  were  made of the confluent boundary-layer velocity  profiles 
along with associated  pressure  distributions. The geometric arrangement of the 
flap  relative t o  the main element was not precisely  defined, however. In both 
of the cases shown, the  pressure  distributions  are in reasonable agreement with 
the test  results.. The  computed l i f t  coefficients, however, are  less than  those 
obtained by either  force measurements or integration of  tes t  pressures,  partic- 
ularly  at a flap  deflection of 10 degrees. While it is believed that the 
required accuracy f o r  defining  flap  deflection and a precise gap size msy par- 
t i a l ly  account for these  differences,  later  correlations will show that a t  low 
flap  deflections,  the  calculated  data  generally underpredict the l i f t  coeffi- 
cient. 

Figure IX-3 compares  some  of the  calculated confluent boundary layer 
parameters with measured values for  the  airfoil considered in  Figure IX-2 (NACA 
4418, MOD.) The experimental results were obtained by  boundary layer  traverses 
on the  flap upper surface a t  80 percent and 100 percent chord stations. The 
latter  position, in actuality, corresponds t o  a position about +inch downstream 
of the  trailing-edge due t o  the  deflection of the probes. It is a lso  noted in 
Reference X-1 that appreciable streamwise variations in the  velocity  profiles 
were observed near  the  trailineedge with more gradual variations noted  around 
the 80 percent point. The calculated  quantities shown in Figure IX-3 correspond 
t o  four  iterations of the m a i n  program in approaching a viscous solution f o r  the 
airfoil.  Thus,  the  init ial  conditions for  the confluent boundary layer  calcula- 
tions represent  the boundary layer  conditions at  the s lo t  exit as combined with 
the upper surface flow on the forwerd  element. Although the amount of experi- 
mental data i s  small, the comparison shown i n  the  figure  indicates that both 



trends and magnitudes of the  confluent boundary layer parameters are w e l l  r e p r e  
sented. 

Comparative data  plots  are provided for  the NACA 23012 single-slotted  flap 
in Figures IX-4 through IX-6. Pressure  distributions  are shown in Figures IX-4 
and IX-5 fo r  two flap  deflections. Both the  pressure  data and the correspond- 
ing lift coefficients  are in reasonable agreement with tes t   resul ts .  Normal 
force  coefficients,as  a  function of angle-of-attack,are  given in Figure n - 6  
for  the same  two flap  deflections. The 20-degree deflection  data is i n  excel- 
lent agreement with  experimental results even near %he s t a l l  angle-of-attack 
about 1 3  degrees. The fact  that the normal force at 30 degrees flap  deflection 
is  higher  than  the  experimental  results i s  not unexpected. A t  this deflection, 
i t  could be anticipated that separation on the  flap upper surface should be 
present in the experimental results.  The confluent boundary layer model, i n  
i t s  present form, does not  include  separation  criteria. T h i s  implies that for  
separation  to be predicted on the  flap upper surface,  the boundary layer must 
return downstream to   the  ordinary turbulent-type  for which separation  criteria 
are  available  in  the program. In the  present  case,  the  confluent boundary layer 
pers is ts   to   the  f lap  t ra i l inpedge and therefore,  the  calculations would not 
reflect   the onset of separation in this area  nor  the uncambering effect of the 
flow on the  flap. 

One of  the  notable  features of the  pressure comparisons of Figures IX-4 
and IX-5 are  the  calculated  pressure  spikes  near  the  trailing-edge of the main 
element. With the  spacing of the experimental  pressure  taps in this area,  the 
test   data  neither confirms nor  denies  the  existence of such spikes.  Since 
similar pressure  variations  are found in  the  correlation performed on other 
multi-element cases, this is  an area where  more definit ive  test   data would be 
beneficial inasmuch as  the  pressure  gradients  associated  with  these  spikes 
significantly  influence  the  trailing-edge boundary layer  properties. 

A t  the lowest tmgleof-attack  for which calculations were made for  the 
20-deg~ee  flap  deflection, one of the progTam Zimitations was encountered. The 
s l o t  exit  velooity  ratio I X$IG, reached the  limiting  level of 0.90. T h i s  
parameter represents  the  ratio of the  velocity  at   the edge of the boundary 
layer (Ue) to  the average efflux  velocity from the s l o t  and is limited t o  values 
between 0.90 and 1 . 0 .  As the angle-of-attack  increases,  the  value of this 
parameter goes within  these limits. 

Additional  correlations between calculated and experimental results  are 
shown for  the ITACA 23012 external  flap  configuration in Figures IX- 7 (pressure 
data) and IX- 8 (force  data). While the  data shown in  the  la t ter   f igure  are  
from Reference IX-3, additional  data on these  test   results  are provided in 
Reference IX-4. The l a t e r  documentation show6 a  significant  reduction in   the 
performance of  the a i r f o i l  (particularly at a flap  deflection of  20 degrees) 
when  compared t o  the data of Figure IX- 8. A s  seen in F igue  IX- 8, however, 
the  calculated  results  agree  reasonably  well  with  the  data of Reference IX-3. 



It  should  also  be  noted  that in the  calculations  for  the  two  lower  angles- 
of-attack  at 20 degrees  deflection,  the  thickness  of  the  boundary  layer  at  the 
slot  exit  exceeded  the  slot-exit  height (1.3 percent  chord).  The  boundary-layer 
Pesdjustment  process,  described in Section VII, does  not  appear  to  have  signif- 
icantly  altered  the  trends  of  the  data  indicating  that  the  effect  of  this 
limitation is not  large. 

To  evaluate  the  degree  of  correlation  available  with a leadineedge slat, 
Figures IX-9 and IX-10 provide  pressure  distributions and force-data,  respec- 
tively,  for a slotted  NACA 64g010 airfoil.  While  force  data on this  configura- 
tion is available  at M a =  0.25, the  experimental  pressure  distribution  data  are 
f o r  M a =  0.50. For correlation  purposes in figure IX-9, the M a =  0.50 pressure 
data  have  been  corrected  to an equivalent M,= 0.25 freestream  condition  by 
the  Prandtl-Glauert  equation. 

Additionally,  the  slat  undersurface,  as  tested, is sharply  convexed  at  the 
slot  entry.  Prior  to  performing  the  calculations,  this  area  of  the  slat  was 
locally  faired  to  provide  some  insight  into  the  sensitivity  of  this  area  to 
local  recontourina.  However,  at all angles-of-attack,  flow  separation  was  pre- 
dicted  on  the  slat  lower  surface in the  strong  adverse  gradient  shown  at 
x / C  zz 0.05. This apees with  the  experimental  pressure  data  shown.  For  the 
angle-of-attack  indicated in Figure IX-9, some  flow  reattachment  apparently 
occurs in the  slot  inasmuch  as  the main element  pressure  data  are in good  agree- 
ment  with  the  attached  flow  calculations.  Although  pressure  data  are  not  shown, 
the  calculations  made  at  higher  angles-of-attack  showed  an  increasing  disparity 
between  the  calculated  and  experimental  pressures  on  the main element  indicating 
an incomplete  flow  reattachment in the  slot  area.  Additionally,  calculations 
at  the  higher  angles-of-attack  indicated  flow  separation  on  the  slat  upper 
surface  as  well as the  lower.  These  effects  are  reflected in the  increasing 
differences in the  force  data  comparison  of  Figure IX-10. 

The  data  discussed in the  previous  paragraphs  for  the 64~010 airfoil  with 
leading-edge  slat  are  believed  to  be  typical  of  the  degree  of  correlation  to 
be  expected for such  configurations.  There  appears  to  be  only a small  angle 
range in which  either  upper-surface  or  lower-surface  separation is not  evident 
someplace  on  the  airfoil.  This also emphasizes  the  strong  need  for  incorporating 
turbulent  reattachment  criteria  in  the  program  to  broaden  the  range  of  appli- 
cable  configurations.  Additionally,  such  data widences the  need for a separ- 
ated  flow  model  to  permit a refined  representation  of  such  configurations,  even 
under  separated  flow  conditions.  While Ch,predictions would  be a natural 
fall-out  with  such a flow  model, and this  of  course is a greatly  needed  capa- 
bility,  the  added  flexibility and efficiency  that  such a model  would  add  to  the 
utilization  of  the  present p r o m  would  be highly desirable. 

figure IX-11 shows  typical  variations  of  the  lift  coefficient  during  the 
iteration  process  for several two-element  cases. As seen,  the  convergence  to 
the  viscous  solution  normally  occurs  within 4-5 iterations.  The  viscous  correc- 
tions  for  these  sirfoils  are  from 20 to 25 percent  of  the  potential  lift  level. 
While  these  data may be considered as typical  examples, some airfoils  used in 
the  correlation analysis showed  higher  viscous  corrections. 



To evaluate  the computer  program f o r  a three-element case, the NACA 23012 
of  Reference IX-12 with a leadimpedge  slot and single-slotted  flap was selected 
for  the  correlation. Figure IX-12 shows a comparison of the  pressure  distribu- 
t ions  for a flap  angle of 20. and angle-of-attack of 8 degrees. As seen, the 
calculated  pressure  distribution is generally lower than experiment on all 
components.  'The reason fo r  this difference is believed t o  be two-fold: the 
t e s t  documentation indicates that tunnel  corrections were  made to  the  force 
measurements i n  such a direction as t o  reduce the  overall  pressure  levels;  the 
pressure  data were l e f t  uncorrected.  Additionally, in performing the Calcula- 
t ions  for   thie   e i r foi l  on the  multiple-airfoil program, the boundary layer  data 
for  the last (4th)  iteration  indicates  turbulent flow separation on the slat 
upper and lower surface  as  well as the lower surface of the main element just 
ahead of  the aft slot .  A subsequent net  thickening of the boundary-layer on 
the  flap upper surface causes the  equivalent  airfoil  to uncamber and thereby 
reduce the normal force  coefficient below that of the experimental  value. 

Results from a program check-out on a four-element case i s  presented i n  
Hgure nC-13. Experimental data on four-element cases  for which completely 
attached flow would be inferred  are  lacking  in  the  literature. To provide a 
measure of comparison with experiment, the NACA 64010 a i r fo i l  with l ead inp  
edge s l a t  and double-slotted f lap was selected from Reference IX-7. In the 
t e s t s  of  this configuration, a s l a t  angle of  -26 degrees and f l a p  angle of 55 
degrees  vere  utilized. To suppress flow separation  tendencies,  the  calculations 
assumed a leading-edge slat angle of -3.3 degrees and a flap  angle of 20 degrees. 
In reducing  the  flap  angle,  the  flap and vane were rotated  together  to  the ap- 
propriate  angle and then lowered t o  maintain an exit gap of approximately 1.5 
percent chord on the forward s lot .  Contrary to  these  precautions,  the  calcula- 
tions  indicate  turbulent flow  separation on the lower surfaces of the slat and 
main-element throughout four  iterations. While the convergence t o  the final 
i terated lift coefficient w a s  mnooth and rapid,  the  true  effects of  the separated 
flow on the converged solution is unknown. 

figure IX-14 provides a breakdown of the  calculated normal forces on each 
element of the four-component a i r fo i l  as a function of angle-of-attack. The 
potential flow solution and the experimental data   me shown f o r  comparison. In 
contrast t o  the  potential flow solution,  the  lift-curve  slope  for  the  viscous 
solution apprO8CheS that of the experimental data. Additionally,  the  variation 
of the elemental  loadings are  as expected with  increasing  angle-of-attack. 

In both  the  three- and four-element cases, it was noted that the  confluent 
boundary layer  persisted downstream of the forward s l o t  t o  the  trailing-edge of  
the main element. In the assumptions for   the confluent boundary-layer model, St 
is assumed that conditions at the  trailingLedge of the main element (upper sur- 
face)  repreaent an ordinary turbulent boundary-layer. Thus, in the two cases 
cited,  further assumption of an equivalent boundary layer  profile at the trail- 
ineedge becomes necessary to  establish initial conditions for   the second con- 
fluent boundary layer  calculations. Such an equivalent  condition was formulated 
f o r  these  cases as well as other  configurations  utilizing  closely spaced s l o t s .  
In the  present  correlation  analysis,  the complete generalization of the equiva- 
lent  profile concept has not been verified. 
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FIGURE IX-3 
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FIGELE Tx-5 - COMPARISON OF EXPEBIMEmTAL 
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FIGURE m-7 -COMPARISON OF EXl3EMENTBL BND 
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FIGURE n-9"cOMPARISON OF MPERlMENTAL AND 
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FIGTIRE “11 VARIATION OF LIFT COEFFICIENT 
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x - COMPUTER PROGRAM s T R u m  

In describing  the  formulation  of  the  mlti-component  program,  there  are 
two'kinds  of  program  structures  to  be  considered,  the  algorithmic  structure 
and the  topographical  structure.  These  two  structural.  forms  will  be  discussed 
in  this  same  order  since  the  first  fofm  ia of primaq interest,to  the  engineer 
who  is  concerned  with  the  logical  make-up  of  the  model.  The  second  form  is 
primarily  for  the pr0L-r who  has  the  responsibility  for  transferral  of  in- 
formation  between  program  elements  and  the  computer  efficiency  of  the  total 
program  package. 

Figures X-1 through X-3 present  the  algorithmic  structure  of  the  computer 
model.  The  input and geometry  functions,  in  addition  to  the  iteration  control, 
are governed by the main control  program. "MA7N2" and "MAIN3" axe second- 
control  programs  which  direct  the  potential  flow and boundary  layer  models, 
respectively.  The names in  pazenthesis are the names of  the  principal  sub- 
routines  involved  in  the  computation  in  question. 

Figure X-4 depicts  the  core-overlay  structure  with "MAIN" being  the 
zeroth  level  segment.  This  program  is  designed  to  fit  into a 6% computer and 
hence  the  number  of  segments  could  be  reduced  in a larger  machine.  The  indi- 
vidual  segments  are  expanded  in  more  detail  in  Figures X-5 through X-8 to  show 
all  the  individual  subroutines  in  the  sequence  in  which  they  are  referenced 
internal  to  the  various  routines. 

The  rout9nes  to  perform  the  plotting  of  the  airfoil  geometry,  pressure 
distribution, and basic boundaq layer  parameters on a CRT  plotter  are  in- 
cluded  as an integral part of  the  program  deck.  However,  these  programs am? 
in  higher  level  segments  which  are  not  called  into  core  to  be  compiled  unless 
the  plot  option  is  activated.  Since  the  basic  plot  routines  are non-standard 
with a wide  variation  between  various  installations,  these  routines are not 
considered  further  in  this  report.  The  FORTRAN  listings  of  these  plot  routines 
are  not  included as the last five  subroutines  in  the  program  listing  (Appendix 
B i n  the Supplement t o  NASA C R - 1 8 4 3 ) .  
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FIGURE X-3 
FLOW DIAGRAM FOR SUBROUTINE MAIN 3 
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FIGURE X-4 
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FIGURE X-8 
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XI- CONCLUSIONS AND RECOMMENDaTIOmS 

The  computer  program in its  present  state  is an extremely  useful  working 
tool,  which, by virtue of the  variety  of  calculations  available,  provides 
state-of-the-art  application  to a broad  range  of  airfoil  design  areaa.  The 
present  study  has  served  to  validate  the  individual  component  conceptual  ap- 
proaches and to  verify  the  feasibility  of  the  methods for unifying the  compo- 
nents  into  the  combined  solution.  The  present  section  summa.rizes  those  con- 
clusions drawn in the  course  of  the  study comerning the  individual  subroutines 
as well aa the  combined  solution.  Recommendations  aze also offered in the 
axeas  of  program  utilization,  program  refinements and program  extensions. 

Geometry  Subroutine. - The  multiple-airfoil  program  can  be used effec- 
tively  to  represent  viscid  and  inviscid  attached  flow  about  smooth-contoured 
two-dimensional  bodies  exhibiting  sharp  trailing-edges.  Where  localized  con- 
tour  irregularities  exist,  such as slat  lower  surfaces o r  flap  cove  areas, a 
limited  amount  of  correlation  indicates  that  reasonable  contour  representation 
can  be  obtained  by  local  re-fairing.  It is recommended  that  additional  corre- 
lation  be  performed  to  define  the  techniques  and  limitations  of  the  re-fairing 
process. 

The  scheme  devised  for  geometrically  orienting  one  component  relative  to 
another  proved  to  be an efficient  descriptive  technique  for  computer  utiliza- 
tion  and  has  general  application for representing a wide  variety  of  uonfigura- 
tions  composed  of any number  of  components.  It  is  believed  that a smoothing 
function  on  geometric  input  data,  such  as  Hermite  or  Chebyshef  polynomials, 
would  be  of  value in smoothing  local  pressure  gradients  and  thereby  obtaining 
a smoother  "equivalent  airfoil". 

Potential-Flow  Subroutine. - The  distributed-vortex  method f o r  obtaining 
the  inviscid  solution  was  found  to  be an accurate  and  stable  approach. Limi- 
tations on this  method  appear  to  be  governed  more  by  computer  facilities  avail- 
able  than an inherent  limitation in the  concept  itself. 

For long,  extremely  thin  trailing-edges  the  potential-flow  solution  tends 
to  generate a singular  matrix,  possibly  resulting in trailing-edge  pressure 
irregularities.  This  was  not  found  to  be a severe  problem  for  the  range  of 
airfoils  considered  since  extremely  thin  trailing-edges  are  not normally found 
in practice. 

Ordinary  Bound--Layer  Subroutines. - Computer  subroutines  which  evalu- 
ate  the  flat  plate  development  of  laminar,  transition  and  turbulent  boundary- 
layers  provided  reasonable  agreement  with  available  boundarg  layer  measurements 
on airfoils up to  separation. 

Laminar  stall  criteria,  specifically  developed for the  multi-component 
program  provided an excellent  technique, in the  cases  considered, for predic- 
ting  leading-edge,  short  bubble  breakdown.  The.application  of  these  criteria 
to a few  thin  airfoils  indicated  that  the  angle-of-attack  for maximum lift,  as 
limited by laminar stall, was accurately  determined. 



%sed upon  potential-flow  pressures, an area  of  incipient,  turbulent  sepa- 
ration  was  found on the  majority  of  the  multi-element  cases  considered  at  prac- 
tically  all  angles-of-attack. To prevent  program  shutdown  during  the  initial 
iterations, an appromtely turbulent  boundary-layer  model  was  formulated 
which is insensitive  to  separation  but  provides  reasonable  apprordmstions  to 
the  boundary  layer  parameters  even  under  the  influence of ertreme  gradients. 
 his boundary  layer  model  was  found  to  interface  well  with  the  celculations 
performed  by  the  more  accurate  model.  Further  use  of  the  program  should  pro- 
vide  guidance in f'ully utilizing  the  flexibility  of  this  scheme in terms  of 
breakdown  and  number  of  iterations  best  suited  for  particular  configurations or 
flow  conditions. In the  present  study,  it  was  found  that  the  Nash  turbulent 
boundary  layer  model  accurately  predicts  the  onset of turbulent  separation  where 
the  initial  separation  point  occurs  over  the  last 5 percent  of  the  airfoil  shord. 
Where  mid-chord  turbulent  separation  is  indicated,  the  present  model  is  in- 
adquate  for  defining  the  downstream  flow  characteristics. 

It is  recommended  that  the  present  laminar  and  turbulent  boundary  layer 
models  be  refined  to  include  curvature  effects  providing  more  effeotive  predic- 
tions of separation  and  reattachment  phenomena.  Similarly,  the  transition 
model  should  be  extended  to  include  roughness,  and  free-stream  turbulence  effects 
as well  as  compressibility  terms. To provide a sound  basis  for  these  refinements, 
considerably  more  detailed,  experimental  data  than  is  presently  available,  is 
needed  throughout  the Mach range. 

Confluent  Boundary-Layer  Subroutines. - An  inoompressible  mathematical 
model  of a confluent  boundary-layer,  based  on  very  limited  experimental data, 
waa  found  to  be  in  reasonable  agreement  with  test  results.  Thie  model  indicates 
a much  more  rapid  boundary-layer  growth  downstream  of  the  slot  than  is  found 
in  the  case  of  ordinsry  boundary-layers. A comespondiwly greater  "uncamber- 
ing"  of  the  airfoil  trailing-edge is obtained. 

Refinement8  to  the  present  model,  representing  an  initial  attempt  at  de- 
fining  the  behavior  of  highly  complex  boundarg-layer  phenomena,  is  essential  to 
the  realistic  representation  of  multi-oomponent  airfoils.  Comprehensive  test 
data  are  crucial  for  extending  this  model  to  the  compressible  case  and  to  pro- 
vide  valid  refinement8 for representing  highdeflection  angles  (Coanda  effecte). 

Slot-Flow  Subroutine. - A slot-flow  model  designed  for  and  incorporated 
within  the  computer  program  has  the  oapability of accounting  for  high  fric- 
tional  and  curvature  effects  normally  encountered  in  long,  narrow  slot  regions. 
For  the  airfoils  investigated,  pressures  within  the  relatively  short  slots, 
appeared  to  be  governed  primarily by the  potential flow field.  Additional 
correlation is required  to  refine  the  generalization  of  the  methods as applied 
to  either  long or short  slot  geometries and to  reduoe  the  sensitivity  of  the 
flow  oaloulations  to  aft-component  orientation. 

element  airfoils,  at  constant  angle-of-attack  were  found  to  be  in  generally 
Combined  Solution. - Calculated  viscous  solutions  for  single- and d t i -  
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good agreement with experimental  pressure  distributions  where  calculations in- 
dicated  fully  attached  flow.  It is difficult to assess the overall  precision  of 
the multiple-component  airfoil  program inasmuch as the multiple  airfoils  exhibit 
local  areas  of  separated  flow  over  most  of the operating angle-of-attack  range. 
Thus a need for turbulent flow reattachment  criteria is indicated  to  fully  eval- 
uate the influence of local  separation on downstream  boundary  layer  development. 
The correlation  study  also  indicated  a  definite  need for accurate two-dhensionel 
test data (force, pressure and boundary-layer  measurements)  on  well-defined  con- 
figurations. Such data is considered to be prerequisite to providing an overall 
evaluation of the program  capabilitiee. In its present form, the correlation 
analysis shows  that  the  program  can be uaed as a  valuable aid in both desi@ 
and testing in providing  consistent  two-dimensional  pressure and force  data for 
the attached flow condition. 

General Comments. - "he present  program  is  comprised  of a  number of  com- 
ponent  subroutines  each in itself  representing a complete  computer  program 
designed  to  explore the many faoets of multiple-airfoil  design. T r u e  limita- 
tions  of  the  conceptual  approaches  utilized  were  not  fully  delineated in the 
brief  correlation  analysis  described  herein. It is  believed  that a continued 
and  systematio  uee  of  the p r o m  in both  the  elemental  and  combined  modes  for 
purposes of  design,  analysis  and  test  correlation  is  required  to fully estab- 
lish  such  limitations. 

It  is  recognized that each  sub-routine,  representing a  unique  mathematical 
model,  is  limited  to a specified  range of geometric  simulations,  environmental 
pammeters or local  flow  oonditione.  Figure XI-1 provides a summaxy of the 
major  limitations  governing  each  sub-routine as well  as  those  specific  to  the 
combined  viscous  aolution. For the most  part,  the  limitations  shown  in  the 
8ummaxy are  concerned  with  limiting  freestream  conditions  which  could  be  ex- 
panded  as  required.  Of  particular  importance  aze  those  limitations  noted  under 
the  confluent  boundary-layer  sub-routine  which  represent  limitations  due  to 
either  the  numerical  scheme  being  utilized  or in the  formulation of the  model 
itself. The more  important  of  these  axe  discussed  below: 
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% 
ue 
" 

This  parameter  represents  the  ratio  of  the  velooity at the edge of 
the  boundary lqer (Ue) to  the  average  efflux  velocity  from  the 
slot. On the  basis  of  available  experimental  evidenoe,  the  limita- 
tion placed on this  parameter  should  not be severely  restrictive 
to the  generalized  application  of  the  program. The upper limit  of 
the  ratio (Le. 1.0) reflects a oonstraint on the  acope  of  the 
mathematical. model  while  the  lower  limit (0.9) is  due  primarily to 
the  partioular  numerical  technique  being  utilized in the hi-tial 
Region of the  oonfluent  boundary  layer. Further work in either  of 
these two eeas oould  remove  this  limitation. 

This  ratio (see Figure VIII-2) repreaents  the  velocity in the Hain 
Region to  that  at  the  edge  of  the  boundsay-layer. The limitation 
(3 ) >, 1.0) is  imposed in the formnilation  of the  oonfluent  boundary 

layer  model  which  reflects  the  best  experimental  data  currently 
available. Additional test  data,  enoompcreeing a broad  speotrum  of 

ue 
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values for  this ratio,  would  permit the  ready  extension  of  the 
present  analytioal  model. Suoh an extension  would enhame those 
analytiod studies  oonoeraed  with  akin  friotion  optimization or 
offdesign orientation  of  the  airfoil elements. 

d (3) , d (5) - These two gradient  parcarnetem are ourrent*  limited to 
ue ue 

a 2  d, 
values between, and inclusive of, a.8.  The limitation 
is imposed to insure  stability  of  the  caloulation  pro- 
cedures in Main Region I of  the  oonfluent  boundary-layer. 

Again,  this is not a severe  restriotion on program  application  inas- 
m w h  as gradients  falling  beyond  these  limits  become  unrealistio. 

" 

Program &tensions. - The multi-element  airfoil program, as  presently 
formulated  provides a natural  framework  within  whioh a number of  extended 
capabilities,  entailing  both major and minor program modifioations, may be 
developed.  Figure XI-2 categorizes  the  specifio  refinements and modifioations 
which  oould  provide a greater range of  applicabilitg to the  two-dimensional 
case and would ultimately  lead  to  three-dimensional  applications. 

The  oategorg  noted  as  "Refinements"  is  largely  those  items  previously 
mentioned in the  "Conclusions"  eection.  The  term  "Modifications"  implies that 
a greater  degree  of  teohnioal  effort  is  required  to  achieve  the  desired  results. 
Conoeptually,  however,  it is believed  that the  modifications  proposed are within 
the  reach  of  current  state-of-the-art.  Specifically  noteworthy are those 
refinements  relating to the  incorporation of a separated flow model. As evi- 
denced by the  present study, the effioient  utilization  of  the  present  attached- 
flow program would  be  heavily  augmented by a generalized,  separated-flow 
boundary-layer  representation. 



Analy-tioal Hodel 

1. Potential Flow Solution 

Geometry 

Profiles 

O Orientation 

O Mach  number 

O Trailing-Edge  Pressures 

2. Slot-Flow 

O Geometry 

O Mach nuEber 

Entrybit Conditions 

O General 

Limitation or Cautionary  Are- 

one to four oamponenta 

smooth, sherp trailing-edges,  extremely 
long and thin  trailing edges oan gener- 
ate pressure spikea. 

limits  not  oompletely  defined to date; 

correlation performed on oonventional 
arrangements with  coplanar  segments 
sepaxatd by at  least 1% C. 

0 S M,, M&it,, a0 limited Ksrmsa- 
Tsien  oorreotion 

last  several  pressures  extrapolated to 
suppress  flow  separation  prior  to 
viscous  solution 

Smooth,  continuous area  distribution 
through  slot;  abrupt a.rea ohanges not 
evaluated to date;  limitations on sharp 
oorner  smoothing not  oompletely  defined. 

Calculations  sensitive  to M,; corre- 
lations  to  date  based on 0 i M s 0.25; 
high Maoh effects not evaluated 

Defined program,  refleots  specifio 
geometric  definition  of  slot,  addi- 
tional  correlation  advisable  to assme 
generalization 

Reoomended for use  with  long  narrow 
slots  exhibiting  high  friction  and  curva- 
ture  effects 



FIGURE XI- l  . (CONTINUED) 
MUL!CIPI;E-AII1FOIL PROGRBM, LIMITATIONS SUMMBRY 

Analytical Model 

3. Ordinary Boundazy Layer 

O L a m i m  

Laminar stall criteria 

O Transition model 

O Ordinarg turbulent model 

O Turbulent separation 
criteria 

4. Confluent Boundary Wer 

Core regicm 

O Main  Region I 

O Main Region I1 

O General 

Limitation or Cautionary Areas 

OsK<Morit, curvature effects not 
considered 

no compressibility or c m a t u r e  effects, 
applicable to single element or leading- 
edge of multi-component. Reattachment 
criteria applicable to single  element 
0" 

0sM-L Merit, curvature effects not 
considered,  roughness,  free-stream 
turbulence not considered 

Nash - no curvature effects 
Os%( &it 

Goradia - M - P  0, no curvature effects 

OSM,< %,it, no reattachment criteria 

0 . g j X ~ ~ I l . 0 ;  arithmetical averaging 
of slot  exit velocity 

m - > - L O  
ue 

-0.85 d(UM,hE) 6 +0.8 
dx 

-0.8 5 d (%&) 5 4.8 
dx 

Same as general limitations of  con- 
fluent boundary layer model. 

Incompressible (M,= 0) ; curvature or 
Coanda effects not  considered; isoenergic 
flow assumes conversion to ordinary 
turbulent boundsrg layer prior to 
separation. 



FIGURE XI-1 . (CONTINUID) 
MULTIPLE-AIRFOIL PROGRAM, LIMITATIONS SUMMBRY 

Analytioal Model Limitation  or  Cautio- Areas 

5. Combined  Solution limited by program  objeotives  to 
attached flow conditions;  primary  limits 
governed by oornponent  subroutines; 
format  of  iterative  scheme  should  be 
varied to determine  optimum  usage of 
flexibility  provided. 
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